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YKka3areJ
BajiaunTe 10 KATErOpuu. 3a/Ia9iTe ca PeIlleHr B pejla B KOWTO ca KaTerOpunTe.

e Teopust Ha BEpOATHOCTUTE
— yCJIOBHA& BepoATHOCT — 1-4-+T1eopud, 2-2, 3-6, 9-3
— JIMCKpeTHa ciydaiina Beaundnna — 1-6+4reopus, 3-5, 4-6

— HeIpeKbCHaTa cayvaiiHa BeTUInHa — 2-H+Teopud

o Kommiekcen anajms
— XapMOHWYHO crperHaTu dbyHkimn — 1-1+reopus, 2-3, 4-2, 9-1, (3-2)
— pesuayymn (residues) — 1-2+4reopus, 2-4, 3-1, 4-3, 9-2

e OrnepalioHHO CMsTaHe
— judepennnaann ypasuenns — 1-3-+reopus, 4-4, 6-5, 7-4
— uHTerpaJjiHu ypaBHeHus — 2-1-+rteopus, 5-4, (3-4)

— uHTerpo-audepeHnuaInn ypapuenus — 4-5

e Pey na @ypue — 3-3 [—6, —2]
— 1o cunycu (Hedernu dyukimm) — 4-1 [—3, 3], 8-3 [-2, 2]

BajiaunTe 10 TeMU. 3a/Ia9UTe B CKOOW HE ca PerieHn.
e IInpea Tema — 1, 2, 3, 4, {5}, 6
e Bropa rema — 1, 2, 3, 4, 5, {6}
e Tpera Tema — 1, 2, 3,4, 5, 6
e YerpbpTa Tema — 1, 2, 3,4, 5, 6
e [lera Tema — 4
o [llecta Tema — 5
e Cemma Tema — 4
e Ocma Tema — 3

e Ome 3amaun — 1, 2, 3



1 IIbpBa Tema

3adaua 1. C momorrra Ha ycioBusaTa Ha Kommu-Puman, na ce namepn anaautudna GyH-
KIws, 3a Koato u(x,y) = 2xy + " sin(y), f(0) = 0.

3adaua 2. Ja ce mpecMmeTHe MHTErpabT
€2z
—dz.
/ 22(z2 —2) -
|z—2|=4
3adava 3. Upes rpanchopmanusita Ha Jlamnac, pemere 3amadara Ha Komm
y" + 9y = 6sin(2t), y(0) =y’ (0) = —3.

3adava 4. Ot ypHa ¢ 4 6en u 3 YepHU TONKK € U3rybeHa e/Ha caydaiina Tonka. Crel
TOB& OT ypHATa Ce BaJIA €JIHa TOIIKA.

a) Hamepere BeposiTHOCTTa M3BaJIeHATa TOIKA JIa € Osiia.

6) Ako m3BajieHaTa e Hs1a, HaMepeTe BepoSTHOCTTa M3rybeHaTa TomKa /1a ¢ 6usa Osia.

3adaua 5. Teopema n HepaBeHCTBO Ha eOurres.
3adava 6. Chydaitnarta BequdnHa X nMa pas3ipejeseHue:

X|[-1]0]1]2]3
P‘ c ‘20‘20‘0‘0'

Hawmepere: ¢, EX, DX, P(0 < X < 2), F(x) u nauepraiire rpadukara a F(x).

Besika 3aga4ga e mo 10 Toukm.



Bucma Maremartuka 11 1 IIbpBa Tema 5

3adava 4. Ot ypHa ¢ 4 6eu u 3 YepHU TOIKK € U3rybeHa e/iHa caydaiina Tonka. Cres
TOBa, OT ypHATa Ce BaJIN €Ha TOIKA.

a) Hamepere BeposiTHOCTTa M3BaJleHATa TOIKA J1a € Osia.

6) Ako u3BaJieHaTa e Osijia, HaMepeTe BepOATHOCTTA U3rybeHaTa TONKa Ja e ousa Osia.

Pewenue. Veaosna eepoammnocm. BeposTHocTTa 3a ciiyuBaHe Ha ¢bOnTrero A mpm yc-
JloBHE chOuTHeTOo B Bede J1a ce e CIyUmIIo:

P(ANB)
P(A/B) = ————, P(B) > 0.
/5) =55, P>
CaoiicTBa:
P(AUB)=P(A B), AN B = @ (nechbBMecTHMN),

( ) = P(A) + P(

( ) (A) (B)— P(ANB), AN B # & (chbBMecTuMH),
P(ANB)=P(A)P(B), A, B — nezasucnmn <= P(A/B) = P(A),

( ) (A)P(B/A) = P(B)P(A/B), A, B — 3aBucumu.

Cymata 0T BEpOATHOCTUTE Ha ciaydailnure choutnsa H; e equHumna:

iP(Hi) ~ 1

Beposirnocture P(H;) ce napuuar anpuopsu (npesm onuta) BepositHoctu. (Otre ce Ha-
pUYaT XUIOTE3MN. )

Dopmyasa 3a noanama eeposmuocm. Axko Hy, Hy, ..., H, e wbjHa rpyma oT JBe 10
JIBe HECHBMECTHMU ChOWTHUS U CJIydaiiHOTO chbuTne A ce cOblBa caMo 3aeIHO C HIKOE
OT TSX, TO:

P(A) = P(H;)P(A/H,).

ToBa e ocnoBHaTa opMysia 3a HAMEPaHe Ha BEPOSTHOCTTa ChOUTHETO A Jj1a ce CIIydn.
Tazu dopmysia e mo-KpaTbK 3aluc Ha I'bPBOTO CBONCTBO — 0beMHEHNE HA JIBE HECHB-
MECTUMHU ChOUTHS.

Dopmyaa na Betic. Ako P(A) e kakTo B npeauiHaTa (Hpopmysia, To:

P(Hy)P(A/Hy)

Tasu dopmysia ce U310/3Ba 38 IPEOIEHIBAHE HA BEPOSITHOCTUTE, KOETO € Bb3MOXKHO CAMO
ako cpouTrero A Bede ce e ciyumio. Bepositnocrure P(Hy/A) ce HapuyaT arocTeopHu
(citen onmTa) BEPOSTHOCTH.
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Hy

4 6enu
u3ryoBame Osta TOmKa

3 yepHuU

Hj
u3rybBame 4epHa TOIKa

A
M3BaXKJIaMe Osj1a TomKa

Ila ce BbpraeM KbM 3a1adaTta. Heka Hp e cbbutnero n3rybenara Tonka ja e osia, a Ho
— m3ryOeHaTa TOIKa Jia € YepHa. beure Tonku ca 4, BCUYKU TOIKHU €a 7, BEPOATHOCTTA
Jia m3ryonm Osma Tonka e 4/7:

P(Hy) = 2, P(H) = 2, Y P(H) =1,

BepositHocTTa 71a n3rybum depHa Torka e 3/7, Thit Karo depruTe Tonkm ca 3. Cymara
Ha J[BeTe BEPOSTHOCTH € eJMHUIA (HMaMe caMo JBe ChOUTHS).

Cera uckame j1a n3BaanM Osia Tonka. Heka ja orberesknuM ¢hbONTHETO “H3BayKaHe Ha,
6si1a Tonika” ¢ A. Ho ToBa cwbutme ce ciayuBa camo ako Hy wim Hs Beue ca ce cIydnin.
Toect ToBa e ycioBHa BeposaTHOCT. BeposiTHOCTTA J1a n3Ba UM Osi/1a TOIKA CJIe] KATO CMe
usrybuin osita ce 6enexu ¢ P(A/Hy) — usBagnim cme Osita caMo CJie]] KATo ChOUTHETO
“n3rybBane Ha Osj1a TONKA Ce € CIIy4nIo.

Ho ame Beue cme m3rybmim Osijta TONKA, TOECT TOIKUTE B KyTUATa ca 3 O0en U 3 YepHH.
Torasa BepogTHOCTTA Jla N3BaUM Osj1a TOIKA €:

P(AJH) =2 =

Heka cera jia cme n3rybuim depHa Tomka. ToraBa B KyTudTa umame 4 6emu u 2 9epHu.
BepogarhnocrTa ma nspajguM Osjia TOIKA €:

P(A/Hy) =3 =2

Coburusara ca HECHLBMECTHUMH, €IWHUSA II'bT U3ryOBame Osiia, APYTHUs II'bT HU3ryOBa-

M€ YepHa KaTo 3all0uBaMe OTHAYaJI0 — BCUYKMA TOIKH ca HaJudHu. ToecT MoxKeM Jia
NpUIOXKUM (hopMyJiaTa 3a IIbJIHATA BEPOSATHOCT:

_|_

P(A) = P(Hy)P(A/Hy) + P(Hz)P(A/Hs) =

N | —

4
-

1
_l’_
~lw
Wl o
~
~

BepositHocTTa j1a u3BaguM Gsia Tonka e 4/7:

mmzé
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Cera Bropa mnojarouka. Tyk ce usnosssa ¢opmynarta na beific — Ts mnpeoriensiBa Be-
positHocTuTe. CbOuTero A Bede ce e CIIyIWIO — M3BAIUIN CMe Osijla TOIKA, MCKAMe
cJIe/] ONMUTa Jla W3YNCIUM BEPOATHOCTTa M3ryOeHaTa TONKa Ja € Omiaa Osdyia — ToBa e
cwoburuero H,. Torasa:

P(H)P(A/Hy) _4)7-1/2 1

P(H,/A) = PA) =~ 5

Hexka na u3unciimM BeposdTHOCTTA M3TyOeHaTa TOIKa Jia e Oujia depHa:

P(Hy)P(A/Hp) _3/7-2/3 1

P(H /) = =5 =5

Cywmata oT jBere ChbOUTHs TPsOBa Jla € eIMHUIA, KOETO € TaKa.

Orrosop: P(A) =4/7, P(H,/A) =1/2. O
3adava 6. Chaydaitnarta BeudanHa X WMa pas3lpejeseHne:

X[-1]0]1]2]3
P‘ c ‘20‘20‘0‘0'

Hawmepere: ¢, EX, DX, P(0 < X < 2), F(x) n nauepraiire rpadukara na F(x).
Pewenue. Juckpemmna cayuaiing 6eaununa.

X ‘xl Ty T3 Tg ... Ty
P(xi)‘Pl P2 P3 P4 .. Dn

Ciayuaitnara Besimunaa X ce HApUYa JIMUCKPETHA, aKO IIPHeMa KpaeH OPoil CTOWHOCTH.
3aBUCUMOCTTA MEXK/Iy CTOWHOCTUTE Ha CJIydaiiHaTa BeJIMINHA T; U BEPOATHOCTHUTE P; Ce
Hapu4da 3aKOH 3a paslpe/lesIcHue:

CYMaTa OT BCUYKH BEPOATHOCTHU € €JUMHUILA:

=1 =1

MareMaTHn4ecKOTO OYaKBaHe (cpe;LHa CTOfIHOCT) € CyMaTa OT IIpOU3BEACHHUETO Ha CJIy-
JaiiHaTa BeJIMYMHA C HeHaTa BEPOATHOCT:

i=1

Jlucniepcusita € MIpKa 3a OTKJIOHEHHE HAa MaTeMaTH4YecKoTo ouakBaHe. I3passaBa ce c¢be
caenaTa popmyia:
n
DX = E(X —EX)* =) (x; — EX)*p;,

=1



Bucma Maremartuka 11 1 IIbpBa Tema 8

DX = E(X —EX)*=B(X? - 2XEX + (EX)?) =
= EX? -2EXEX + (EX)? = EX? — (EX)%

BamnmncaHo Haif-KpaTKo:
DX = EX® — (EX)*, EX* =) aip:.
=1

Oyukius Ha pasnpesenenne F(X) ce nzancissa mo ciennara ¢hopMmysia;
F(X) = Z Di-
1,2 <X

Tosa O3Ha4daBa, 9€ BCUYKHU CTOMHOCTHU Ce C'I)6I/Ipa,T7 3al04YBaiiki OTJIgABO. ETO Taka:

(

0 X <y,

y4i 1 < X < 9,

Dp1 + D2 1o < X < 23
F(X) = p1+p2+ps 13 < X <uxy .

P1+ P2+ Pp3+ Ppa ry < X < x5

P+t Apn=1 2 <X

lNonemusaT X mokasBa HalaTa O3NS B MOMEHTa. 1oecT, Koraro cMe OTJISIBO Ha Haii-
HICKaTa CTOMHOCT B Hammara tabiauna xp, pasupejaenernero F(X) e nHyma, korato cme
OTJISICHO Ha Haii-BHCOKaTa CTOWHOCT I, pasnpe/enennero F(X) e eqununa.

<1
p1tpat...tPn-1
P1tP2tP3tP4 5
- -
p1tp2tp3
p1tp2
P1
-
0
-
X1 X2 X3 X4 X5 Xn-1 Xn

Exno or cpoiicTBata Ha dyHKIusgTa Ha pasnpeaeserne F(X) e:

Pla< X <b)=F(b) — F(a).
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[Ile ro m3moszBaMe 3a Jia pPeIIuM JIOKpail 3ajiadaTa.
Heka s1a ce BbpHEM KbM 3aj1a9aTa.

[IupBo TpsibBa j1a Hamepum c. Cymara OT BCUYIKN BEPOSITHOCTHU € €IUHUIIA:

1
c+2c+2c+c+cec=1 — Tc=1 — c:?.

Torasa TabsmiaTa crasa:

X|-1|o0o]1]2]3
Pl1/T]2/7|2/T|1/7]1/7"

HaMI/IpaMe MaTeMaTH4YeCKOTO O9aKBaHe:

5
1 4 6
EX = pi=—-1-40-241-242. 243 2=—4-4+2="_,
;xp S0 sl o 42 St ot =5
Cera MaATEMATHNYIECCKOTO OYaKBaHE 3a X2I
5
1 2 2 1 1 1 2 4 16
EX? = pi=1-240-Z+1-244-2+9- - =+ -+ -+=-="—.
D iy AR AR AR AR AR AR AN A

i=1

Jucnepcusra:

DX = EX? — (EX)

49 49 49

, 16 (6\* 7-16 36 76
T 7

TabJymara 0THOBO:
X|-1|o0]1]2]3
Pl1/T]2/7|2/T|1/7]1/7"

Oyukrusita Ha pasupeenenne F(X):

(0 X < -1,
1/7 -1<X <0,
F(X) = 1/7+2/7=3/7 0<X<1
1/74+2/7T4+2/7=5]7 1<X <2
1/74+2/T+2/T+1/7=6/7 2<X<3
1)7+2/74+2/T+1/7+1/7T=1 3<X

Ve
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6/7
5/7

3/7

Cera ce Tbpcu BepossTHOCTTA X 718 € MeXK/1y HyJIa U JIBe:
P(0 < X <2) = F(2) — F(0).

Umanme X mo-rosisiMo oT HyJia, KOeTo e 3/7, U mo-MaJjiko OT JBe, Koero e 5/7:

5 3 2
P X<2)=FQ2)-F0)=z—-<-=<.
O<x<2=F@)-FO)=2-2=2

Orrosop: ¢ = 1/7, EX =6/7, DX =76/49, P(0 < X <2)=2/T. O

3adava 1. C nomomnrra Ha yciaousra Ha Kommu-Puman, na ce namepu anagurudna §yH-
K, 3a KoAto u(z,y) = 2xy + e*sin(y), f(0) = 0.

Pewenue. Heka ma numame peasina dbyHKIusg u(r,y) HA PEATHUTE MPOMEHJIUBH T U Y
(kakTo € B ciyuasi). ToBa ce Hapuua ypasrenue na Jlanaiac:

" "o
Uz + Uy = 0.

Axko dyukiusTa u(x,y) yaoBoJaeTBOpsBa ypasHenuero Ha Jlamaac, To T4 ce Hapuda
TAPMOHUMHA GYHKUUA.

Cwmoro Bazku 1 3a GyHKIMATA v(7,y), HefHOTO ypaBHenue e: vy, + v,, = 0.

Axo npe peannu dyskun u(z,y) u v(x,y) ca XapMOHUYIHI U YI0BOJETBOPSABAT YPAG-

nernuasma na Kowu-Pumanr:

IS

_
_Uy

y = Uz

/
€T
/

IS

TO Te ce HAPUIAT TAPMOHUYHO CNPEHAU HYHKUULU.
Axo e peasnnu dyukuuu u(z,y) u v(x,y) ca XapMOHUYHO CIperHaTH (OyHKIUH, TO
MOXKEM JIa TH 3aIUIIeM KaTo AGHAAUMUYHE HYHKUUA:

f(z) =u(z,y) +wv(x,y), z=x+ iy.
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Anamurnana GyHKIUS 03HaYaBa, de (PyHKIUATA € JudepeHiupyeMa BbB BCAKa TOUKA
oT objlacTTa, B KosTo € jeduHupana. Toect npureskapa mbpBa MPOU3BOIHA HABCIKbIE
B JeUHUAIIMOHHATA CH 00JIACT.

Ba sna namepum dyHskimaTa v(z,y), Gyuknugra f(z) Tpsabsa ja IpuTe)RaBa U BTOPa
npom3BOjHA (3a Jla ce M3ILJIHN ypaBHeHHeTo Ha Jlariac).

Heka ma ce BbpHeM KbM 3ajadata. Vmame majena peasina GyHKnus u(x,y):

u(z,y) = 2zy + €°sin(y).

Hudepennupanme jBa 1wbru, 3a Ja IpoBepuM ypaBHeruero Ha Jlammac (ako To He ce
U3IIBJIHA, HAMA J]a MOXKEM J[a XapMOHUYIHO ciperHartata it GyHKIws v(x,y)):

u, = 2y + e”sin(y), w, = 2z + e* cos(y),

"o x "o T

uy, = e"sin(y), u,, = —e"sin(y).
" "

Bmxame, ge u),, + Uy, = 0. MozkeM J1a ITPOIbJIZKIM.

Nznonssame ypasuenudaTa na Komm-Pumamn:
!

y
=2z + e* cos(y) = —v

ul, =2y + e"sin(y) = v
u/ /
Y T

Baumanme camo ednomo ot tsax, unade me ce obbpkame. Heka Tosa ma e u),. Koero e
paBHO Ha v;, TOECT aKO MHTErpupame 110 Y Ie HoIyIuM DyHKnusara v(x,y):

v, = 2y + e"sin(y) =
v(r,y) = /[2y + " sin(y)]|dy + p(x) = y* — € cos(y) + ¢(x).

Oynknusra ¢(x) e HYHKIW caMo Ha T, 3aIl0TO HHTerpupaxme 1o y. (AKo nHTerpupame

1o z, To dyuknusaTa me e ¢(y).)

Cera TpsibBa ja HamepuM ¢(x). B3exme ypaBHeHHETO 32 Ul , TOECT TpsIOBa Ja U3II0JI3-
BaMe JIDyroTo ypapHenue: u, = —v,. Moxem ja samumenm: v, = —u, . udepenmupame
v(z,y) 1o x:

v(z,y) =y — e cos(y) + p(z) =
v, = —e” cos(y) + ¢'(x).
[pupasussame na —uy:
—e” cos(y) + ¢’ (z) = —[2z + € cos(y)],
—e” cos(y) + ¢’ (z) = —2x — e” cos(y),
o' (r) = —2x.

Cera uHTErprpaMe Ta3u IPOU3BOHA 32 JIa HaMepuM (DYHKImATa O(T):

o(x) = /gp’(x)d:c = /(—Zx)da: = —a%



Bucma Maremartuka 11 1 IIbpBa Tema 12

BamecTBame ToBa BbB (bopMmysnara 3a v(z,y):

v(z,y) = y* — e cos(y) + p(z) = v(z,y) = y* — e” cos(y) — 2*.
U1 mamepuxme dyHKIuaTa v(x,y), XapMOHUIHO cliperHaTa ¢ dbyHkmsaTa v(x, y).
TpsibBa 1a 106aBUM 1 KOHCTaHTa (TOBa ca ceMeHcTBO (DyHKINN):

v(x,y) =y* — e cos(y) — 2* + C.
Mozkem f1a 3ammineM aHAJIUTUIHATA (DYHKITHS:
f(2) = 22y + " sin(y) + i[y* — e” cos(y) — 2* + C].

Cera ecrecTBeHO TPsIOBa J]a HAMEPUM KOHCTaHTATa (J1a, 3HAM Ye CaMU CH YCJIOKHSBAME
Hemara). Vsnonssame nagasnnoro yeaosue f(0) = 0, Toect z = x + iy = 0 4 10:

f(0)=2-0-0+¢"sin(0) +i[0 — € cos(0) — 0+ C] = i[-1 + C].

[IpupaBHsiBaMe Ha HYyJIa:
—1+Ci=0=C=1.

Pemennero e:
f(2) = 2zy + e sin(y) +i[y* — e® cos(y) — 2 + 1].

3adava 2. a ce mpecMeTHe UHTETrPaIbT

622
—dz.
/ 2iz-2)"

|z—2|=4

Pewenue. Heka na pasriemsame noguaTerpasinara Gyakius f(z):

622

f(Z)Zm-

MozkeM $ICHO Jia Pa3jinuuM ducauTess u 3Hamenaress. CroiiHocTUTe HA Z, 33 KOMTO
YUCJINTEJIAd U 3HaMEHaTeJId CTaBaT HYJIa C€ Hapu4daT HYJIM Ha YUCJIUTEJIA U, CbOTBETHO,
Ha 3HaMeHaTeJId. B cJIydad YUCJIUTE/Id HAMa HYJIM, 3HaAMEHaTeJIsd UMa € JTHOKPaTHa HYJIa
B z = 2 u AByKparHa HyJa B z = ( (3aI0TO € Ha BTOpA CTEIeH).

Koraro 3Hamenaresis npuemMe CTORHOCT HyJIa, (byHKIUATA ce 0Opbia B Ge3KpaifHOCT.
(Koero ne e xybaso 3a nac.) Koraro dyukinusra craBa Ge3kpailHOCT B TOUKa z, e
Hapuuame ToBa nosoc Ha yHkimsTa f(z) B Toukara z. AKO HyjaTa Ha 3HAMEHATEJIsI
UMa KPATHOCT — TIOJIFOC OT KPATHOCT 1.

B ciayuas dyuxmuara f(z) uMa eIHOKpaTeH MOIIOC B 2 = 2 U JABYKPATEH IOJIOC B
z=0.
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Taka omnpejiesisiMe TIOJTIOCUTE Ype3 Hy/IUTe Ha 3naMenare . Ho ako m auciaurens nma
CBINIUTE HYJIW KAaTO 3HaMEHATeJIsT, TPUMEPHO:

z

fi(z) = 23y

TO TO'aBa HUE MO2KEM Ia CBKPAMUM Ta3W HYyJIa:

1

fiz) = o)

IIpM KOETO Hue IIe mMaMe eJHOKpaTeH mojioc B z = (. Paszbupa ce, ToBa e obpa3Ho
Ka3aHo, He MOKEM Jia ChbKpanasaMe (pyHKIMTa, HO IPUHIUIIBT € CJAEJIHUAT: KPATHOCTTA
Ha II0JII0CA B TOYKA 2 € pasjmKaTa Ha KpaTHOCTTa Ha 3HAMEHATe/s B TOYKA 2z MUHYC
KPaTHOCTTA Ha YUCJUTE/S B TOYKA Z.

Ba fi(z) B z = 0: kKparHOCTTA Ha 3HaMeHaresss B z = ( e Bropa, a KpaTHOCTTa Ha
qucymTesss B z = 0 e mbpBa: 2 — 1 = 1, cienoBaTe/lTHO MMaMe e€IHOKPATeH IIOJIIOC B
z=0.

MozkeM Jla M3YUCIMM MHTErpasia caMo Upe3 CTORHOCTHTE, KOUTO (DYHKIUATA IIPUEMa
OKOJIO TIOJIIOCUTE CH. 3a IEeJITa OKOJIO BCEKH TIOJIIOC OIUCBaMe ChbBCEM MaJiKa OKP'bKHOCT,
KOJIKOTO J1a TO n3ojupame. MozkeM J1a N39MCIUM UHTErPaJl OT Ta3!h MajIKa OKPbKHOCT.
Cmotinocmma Ha UHMe2PaL 0m MAAKE OKPBHCHOCT, ONUCAGHA OKOAO NOANC HA PYHKUU-
ama f(z) ce napuua pesudyym wa gyrnxyusma f(z).

C6opa oT BCHYKH Pe3uyyMu JaBa CTOMHOCTTa Ha uHTerpaia or dyukinuara f(z):

I =2m Z Res z;.
i=1

Heka jia mmame moJroc oT KpaTHocT m Ha GyHkuuara f(z) B Touka z = a. Moxkem
Jla U3YHCJIUM Pe3uIyyMa 4upes3 cienara hopMmyia:

Reslz = ] = gl (2 — o)/ ()"

Tosa e m — 1 mpousBojna ot dyuknuara (z —a)™ f(z). OGUKHOBEHO TOJIOCATE Ca JIBYK-
paTHHU, Haii-MHOIO TPUKPATHH, TaKa de e N3IUCAIBaMe CaMO I'bPBa U BTOPA IIPOU3BO/I-
ua. CymucbabT Ha (2 — a)™ f(2) e B TOBa, Ye Taka Ie ce CbKpaTh (TO3W I'bT HAMCTHUHA)
HOJII0CA U TOBA KOETO OCTaHe HsMa J1a ce 0ObpHe B Ge3KpaiiHOCT.

AKO mMame eJHOKpaTeH IoJIc m = 1:

Res[z = a] = ﬁ lim [(= — ) f()] " = 5 lim [(z — )f(2)] = lim(z — @) f(2).

Toect ToBa € dpopMmynara 3a eTHOKPATEH TOJIIOC:

Res[z = a] = lim(z — a) f(2).

z—a
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Heka ma ce Bbpaem kbM 3asadara. [lomuarerpaanara pynkmug e:

€2Z

f(Z):m-

Hysute na sHamenarens ca z = 0 u z = 2, uncauress HaMa Hyau (e?* e BUHATH T10J10-
uresHa). ToraBa nmame JBYKpaTeH MoOC B 2 = 0 U eTHOKpATEH MOJIIOC B 2 = 2.

Yenosuero e:
/ 622 d
22(z — 2) =

|z—2|=4

2k

4+

-6 1 1 1 1
-4 -2 0 2 4 6 8

NurerpupamMe BbPXY OKPbAKHOCT € HEHTHD 2 = 2 U PAuyc r = 4.

Tsti Kamo KOMNAECKCHUME YUCAG ONPEJEAsM DAGHUNG: Z = X + 1Y € PaGHuNG, Mo
xamo xascem |z| = 1 umame npedsud edununnama oxpsocnocm. Pasnucano: z = re'?,
r € 0,1], ¢ € [0,27], mozaea |z| = |re’?| = |r| = 1 (maxcumasnama cmotinocm,).

Oxpoorcnocm cosc usmecmen uenmsp: |z — 5| = 1 e ¢ paduyc edunuya u yenmasp (5,0);
|z — (14 1)| =1 e oxpoorcnocm ¢ paduyc edurnuya u uewmop (1,1).

Oxpsotcrocm ¢ npoussoaen paduyc u uewmsp: |z — 3| =7, |z —i| =3, [z +2+i| =4
(uenmaspa myk e 6 mowkama (—2,—1)).

U nBara mosoca ca BbTpE B OKPbKHOCTTa. ToraBa CTONHOCTTa Ha MHTErpasa e:

I = 2mi(Res[z = 0] + Res[z = 2]).

Hexka na m3unciuM eJIHOKPaTHUASA MOJIIOC B 2 = 2:

€2z e?z 64

Res[z = 2| = ll_}r%(Z - 2)m = E_%? =
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Cera aBykpaTHus mojoc B z = 0:

1 ) 622 (2-1) 1 9 €2Z (1)
Reslz = 0] = (2—1)!ll—r>r(l) [(Z_(D 22(2—2)} :ﬁll—{% {Z 22(2—2)} -
e 1 L 2eF(—2)—e¥*-1 | e¥*(22-4-1) -5
= lim = lim = lim =0
z—0 | 2z — z—0 (Z — 2)2 z—0 (Z — 2)2 4
CroitHocTTa Ha MHTErpaJa e:
et 5 e

I=2mi|—— | =—=(e"=5
o { 4 4} 7@ =)

3adava 3. Upes rpanchopmanusta Ha Jlamnac, pemere 3amadara Ha Komm
y" + 9y = 6sin(2t), y(0) = 3/(0) = —3.

Pewenue. Tpanchpopmavus rna Jlanaac. Hexka t e peasna mpomensmBa: ¢ > 0. Heka s e
KOMIIJIEKCHA TTPOMEHJINBA: S = 0 + iw, KaTo 0 U w ca peajnn npomennusu. Heka f e
peasna byukius Ha t: f(t) Ako f e KomIutekcHa QyHKIWMsI, TO:

f@t) = fi(t) +ifa(t),

kato fi(t) u fo(t) ca peannn dynkiym Ha t.
Jedurupame Tpanchopmarus Ha Jlamrac:

F(s) = /O T Fetat,

Omre or6ensasame ¢ F(s) = L[f(t)].
BbBexkaame dpynknugra Ha XeBucaii:

ht) = {1, t>0,

0, t<0.

Tasu dpyHKIMS BUHAIM TPUCHLCTBA B TpancdopMmarusaTa Ha Jlamac:

F(s) = /0 h h(t)f(t)e *'dt = /0 h f(t)e*dt.

Oynknugra f(t) Tpsabsa mga ce yMHOXKE 10 (DYHKIUATA Ha XeBUCA] 38 J1a CMe CUTYp-
i ye f(t) npuema camo moJokuTeaHN croiiHocTu. [lo-nogpasbupane BCeKH IbT KaTo
npuiaramMe TpaHcgopmalnsg Ha Jlammac ymMHO)KaBaMe 110 (DyHKIUATa Ha XeBHUCAii1, HO
HeMa JIa s 3allicBaMe.
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e Tpancdopmarus or pyHknuaTa Ha XeBUCAIT;:

) 0o N
Llh(t)] :/0 h(t)e_Stdt:/O e s'dt = lim e Sdt =

N—oo /g
1 . N —st 1 : —st|N
= —— lim e " d(—st) = —= lim e |} =
S N—oo J S N—oo
1 1 1
= —— [lim e *N — lim eo} =—[0-1]=-,
S LN—oo N—oo S S
nakparko: L[h(t)] = L[1] = 1/s.
e Tpancdopmarust or koucranta C':
L[C] = / Ce *'dt = C/ e tdt =C~- = —,
0 0 s s

nakparko: L|C| = CL[1] = C/s.

e Tpancdhopmanusa or e, KaTo o € IPOU3BOIHO KOMILICKCHO YUCIO:

o0 o0 1
L[e™] = / eestdt = / e~ = ,
0 0

S —

KaTo s > « (ako ca peasnu umcsia) i fs > Ra (aKo ca KOMIIEKCHH 9UCTIA).

e Tpancdopmaius or sin(nt):

emt . efint 1 ] ] 1 1 1
Llsi N=L|— | = (L mt_L —mt]y .
sin(nt)] [ 2 ] 5 L™= Le™ ) = o L —in s+in]
_ls+in—(s—in) 1 2in n
T2 52 — i2n2 2824 n2 s24n?

e Tpancdopmarust or cos(nt):

eznt + 6—mt:|

2
_ ls+in+s—1n
2 s2 422 282402 s24n2

Licos(nt)] = L [

—imn  S+1in
2s S

e Tpanchopmanus or byuknus y = y(t) = f(t):

ToecT o3HadaBaMe TpaHcdopManuaTa Ha Yy ¢ Oyksara k.
e Tpancdopmarus or wbpsa npoussogna y' = f'(1):
Lyl = LIf'(t)] = sk — f(0).

Axo mvame nynesn nadasnu yeaosust: y(0) = 0, To L[y'] = sk.

= %(L[ethL[e"”t]) :% [3 e } B
1
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e Tpancdopmarus or Bropa npoussogna y” = f"(t):

Lly") = LIf"(t)] = s*k — s£(0) — f(0).

Axko umame mynesn navanan ycaosust: y(0) = y/'(0) =0, To L[y"] = s%k.
e Tpanchopmanus or Tpera npoussogna y” = f"(t):
L") = LIf"(1)] = 5 — $F(0) — 5'(0) — /"(0).
Axko nmame nynesu nagannu ycaosus: y(0) = y'(0) = y”(0) = 0, ro L[y"] = s’k.

e Tpancdopmamus or n-ta npoussomgra y™ = f)(t):

L[y(n)] _ L[f(n) (t)] — "k — Sn—lf(o) . Sn_Zf/(O) . Sn—3f//(0) . Sn—4f///(0> -
= STI(0) = s (0) - f0(0)

Axo nvame mynesn nagaamn yeaosus: y(0) = y'(0) = y”(0) = ... =y Y(0) = 0,
10 Lly™] = s"k.

Ero ocnoBauTe (hopmysin HaKpPATKO:

1 c . 1
L=, D0l = 2, L) = ——,
. S
L[Sln(nt)] = m, L[COS(nt)] = m7

Llyl =k, Lly'] = sk — f(0),
Lly"| = s’k — sf(0) — f'(0),
Lly"] = s’k — s*f(0) = sf'(0) — f"(0).
Bpsbiame ce kbM 3agadara;
Y + 9y = 6sin(2t), y(0) =4/ (0) = —3.
[Ipunarame Tpancdopmarus Ha Jlammac 3a BCIKo OT chOUpaeMure:

L[6sin(2t)] = 6L[sin(2t)] = 6%,
L[9y] = 9L[y] = 9k,
L[y"] = s’k — sf(0) — f'(0) = s’k — s(—3) — (—=3) = s’k + 35 + 3,
zarmoro o ycsiosue y(0) = 3/ (0) = —3. Torasa:

12

s’k +3s+3+ 9k = 5 .
s?2+4
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N3zkapBaMe k 1pes cKoOU, OCTAHAJIOTO BJISICHO:

k(s*+9) = —3s—3.

s2+4
JleqmM BeTe cTpaHM Ha ypaBHEHHETO Ha s> + 9:

B 12 B 3s B 3
o (s24+4)(s24+9) 249 249

Tpsabra jga pazioxKuM rbpBaTa (QYHKINA, TOCIe TpuaaraMe obparHa TpaHcdopMarus
na Jlamac u cme rorosu.
Kopenure na nosmuoma (s? 4 4)(s* +9) ca: 2i, —2i, 3i u —3i. Paznaramnero e:

12 12

(2+4)(s2+9) (s —2i)(s + 20)(s — 30)(s + 31)

BammcBamMe KaTo cyma OT eJleMeHTapHU Jpodu:

12 A B C D

(s — 2i)(s 4 2i)(s — 3i)(s + 3i) s—2i st2 s—3i s+3i

[IpuBexktame 1o/ 001 3HAMEHATE:

12 = A(s + 2i)(s — 31)(s + 3i) + B(s — 2i)(s — 3i)(s + 3i)+
+ C(s—2i)(s+2i)(s + 3i) + D(s — 2i)(s + 2i)(s — 3).

Cera 3amMecTBaMe ¢ KOPEHUTE:

s = 2012 = A(4i)(~i)(51) + 0+ 0 +0,
| 3 3 (—i) 3i
122 A0i = A= > — A== _ 3
=d=5 =450 — 5’

5= —2i:12 = 0+ B(—4i)(=5)(i) + 0 + 0,

12:—B201—_—>B:—i———>B:—i(_Z.) il
5i 5i (—1) 5

s=3i:12=0+ 0+ C(i)(5i)(6i) 40,

2 2 (—i 2
2= = C=2—mo=20 o 2
% 5i (—1) 5
s=-3i:12=0+0+0+ D(—i)(—5i)(—61),
2 2 (—i 2
12:D30¢:>D:—,:>D:_,(_?>:>D:__Z_
5i 51 (—1) 5
Paznaramero e:
12 3i 1 3i 1 2i 1 2 1

(5—20)(5+2)(5—30)(s+3i)  5s—2 ' 5s+2%  5s—3 B5s+3i
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[TpuBexk tame 1o 001 3HAMEHATE 10 JTBONKH:

31'( ~1 1 ) 2¢( 1 1 ) 3i—(s+2)+s—2
= += == +

-+ -
s—2t S+

5 5\s—3i s+3i 5 $2 — 42
2is+3i—(s—3i) 3i —4i L2 612 12
5 52 — 942 58244 58249 5(s24+4) 5(s249)

BamecTBaMe 0OpaTHO B ypaBHEHHUETO 3a k:

12 12 3s 3
5(s2+4) 5(s2+9) 249 249
12 27 3s
C5(s24+4) 5(s2+9) s2+9
6 2 9 3 s

=2 _Z —3 .
5(s2+4) 5(s2+9) s2+9

Buxname, ve:

S

Lly] = k, Llsin(2t)] = e

Llsin(3t)] = Llcos(3t)] =

s+ 4 s2+9’
[Ipunarame obparna Tpanchopmalmsa Ha Jlanmac 3a BCAKo oT chbOupaeMure:
6 . 9 .
y=: sin(2t) — R sin(3t) — 3 cos(3t).

1 ToBa e perenneTo Ha 3ajiadara.

Ceza we pewum 3adavama no HOPMAAHUA MEMOD, 3¢ 04 CMe CUuYPHU 6 0M2060pa.
Memodsm e onucan 6s6 ¢ating no Bucwa Mamemamuxa 2. Tesu 3adavwu ca maxa nan-
paseru, ue da ne mootce da ce npuaodcu memoda na Jlazparoic. I[lpunazame memoda 3a
CNeYUANHA OACHE YACTN.

Bammcsame 3ajavaTa, Karo cMeHAMe ¢ Ha x (32 yI00CTBO):

y" + 9y = 6sin(2z), y(0) =4/ (0) = —3.

XOMOTeHHOTO YpaBHEHHE €:
y'+9y =0,

HETOBOTO XapaKTEPUCTUIHO €:
P +9=0= k= -9 = ko= +3i.
KopeHnuTe Ha XOMOTeHHOTO ypaBHenue ca y; = €% cos(3z), y» = €% sin(3x), pemenuero:
y(x) = ¢1 cos(3x) + ¢y sin(3z).
Qopwmyrnara 3a CHelalHa JIsICHA JacCT:

() = @ [P (x) cos(fz) + Qn(z) sin(fz)].
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Harmrara ggcia gact e:
6 sin(2x) = €*[0 cos(2x) + 6sin(2z)],

KOpeHuTe Ha JisicHaTa JacT ca: | = a 18 = 0+ 20 = £2i. Bumkname ce, 1e k # [, ToBa
O3Ha4YaBa Y€ HAMa KpaTHH KOpeHU MEK/1y XOMOI'€HHOTO YypaBHEHHE M JdsdCHaTa YacCT,
ToraBa i = 0.

manme KOHCTAHTH [PeJ] CUHYCa U KOCHHYCa B JgCHATa Jact, Torapa P, (z) = Py(x) =

A, Qn(x) = Qo(z) = B. BamectBame B 1(x):
n(x) = 2°e"*[A cos(2x) + Bsin(2z)] = n(x) = Acos(2r) + Bsin(2z).
Hudepennupane jBa mbTH:
n(z) = —2Asin(2z) + 2B cos(2x),
n(z) = —4Acos(2x) — 4B sin(2x).
BamecTBame B audepeHaanoTo ypasuenne, karo vy’ — n” uy — n:
—4Acos(2z) — 4B sin(2x) + 9A cos(2x) + 9B sin(2z) = 6sin(2x),
5Acos(2x) + 5Bsin(2z) = 6sin(2x).
[IpupaBusBaMe KoeUIIUEHTUTE:

6
A=0,5B=6=A=0, B=.

Bamecrsame B 7)(z):
: 6 .
n(x) = Acos(2x) + Bsin(2z) = £ sin(2x).
Cobupame pereHneTo Ha XOMOTEHHOTO YPABHEHHE ¥ PEIIeHUEeTO Ha JIFCHATA JacT:
: 6 .
y(x) = 1 cos(3x) + co8in(3z) + E sin(2x).

Tpsab6sa ma usnonssame vadaaaure yeaosus y(0) = ¢/ (0) = —3 3a 1a HaAMepUM KOHCTAH-
ture. Judepennupame BeIHbK:

12
y' () = —3c; sin(3z) + 3¢q cos(3z) + 5 cos(2z).
Toraga:

6
y(0) = ¢1 cos(0) + cosin(0) + R sin(0) = ¢,

12 12
y'(0) = —3c; sin(0) + 3¢ cos(0) + 5 cos(0) = 3¢y + T
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[IpupaBusBame na —3:
12 9
01:—3, 302+—:—3:>61:—3, Cy = ——.
5 5
3aMmecTBaMe B PEIIeHUeTO:
9 . 6 .
y(x) = —3cos(3z) — R sin(3z) + R sin(2x).
Cwmensime obpaTHo x Ha t:
9 . 6 .
y(t) = —3cos(3t) — R sin(3t) + R sin(2t).

Koeto e exkBuBajIeHTHO Ha npeJuIIHnA OTTOBOP. Kpaﬂ Ha 3aJa4daTa. ]



2 Bropa tema

3adaya 1. C MeToanuTe Ha OMEPAIMOHHOTO CMsITAHE pelleTe NHTErpaTHOTO yYpaBHEHNE

o(t) = t 42 /0 cos(t — r)z(r)dr.

3adava 2. Vimame JiBe efHAKBU Ha BbHIIEH BuL KyTun. B mbpBaTa uma 4 6eyn u 6 uepHu
TOIIKU, BbB BTOpaTa — 7 O€JIi U 5 YEPHHU TOIKU.

a) Kaksa e BeposiTHOCTTA J1a M3BaMM Osly1a TOTIKA OT MTPOM3BOJIHA Ky TUST!

6) sBasena e 6si1a Tomka OT CaydaiiHo n3bpaHa KyTus. KKakBa e BEpOSITHOCTTA B3e-
TaTa OsJIa TOIKA Jla € OT BropaTa KyTus’

3adaua 3. Hamepere amamurmanara Gyakuus f(z) = u(z,y) + wv(x,y), ako v(z,y) =
3zy + e* cos(y) m f(0) = i.

3adava 4. Pemere nunrerpasa
z+1
——dz.
7{ 2(z2+1)2 :
|z—i|=1,5

3adaua 5. Hanena e ciaydaiinarta BennanHa X ¢ IDTBTHOCT Ha pas3lpejie/ieHne

re . x>0, a>0,
0, x < 0.

flx) =

HaMepeTe IIapaMeTbpa a U MaTeMaTUI€CKOTO O9aKBaHE FEX.

3adawa 6. JlokazaTesacTBO Ha ocHOBHaTa TeopeMa Ha Koru n Ha Teopemara Ha Korm
3a MHOI'OCBbP3aHa 00JIaCT.

Besika 3amgada e mo 10 Toukmn.
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3adava 2. Vmame JiBe e/IHAKBU Ha BbHIIEH Bul KyTun. B mbpBara nma 4 6etu u 6 4epan
TOIIKU, BbB BTOpaTa — 7 OeJii U b YePHHU TOIKU.

a) Kaksa e BeposiTHOCTTA J1a M3BAMM Osly1a TOTIKA OT MTPOU3BOJIHA KYTUST?

6) sBasena e Gsiia Tonka oT caydaiiHo n3bpaHa KyTus. Kaksa e BEpOSITHOCTTA B3e-
TaTa Osg/1a TOIKA Jia € OT BTOpaTa KyTus !

Pewerue. Heka na orbene:kuM m3Bazk1aHETO Ha Osijla TONKA OT I'bpBaTa KyTusd ¢ Hy,
a or Bropara Kytus ¢ Hy. mame jiBe cbOUTHs, BCAKO ¢ BEPOATHOCT Ja ce ciryun 1/2
cOOPBT UM € eIMHUIIA:

P(Hy) = %7 P(H) = %» ZP(Hi) =1

i=1

4 6enu 7 6emn
6 yepHH 5 4epHU
Hi Hj
U3BKAAME TOIIKA M3BaXKJaMe TOIKa
OT ITbpRaTa KyTHs OT BTOpaTd KyTHS

- = A -
H3BaXXJgamMe 0s1J1a TOIKA

Heka na orbenexxnm chbuTneTo “n3Bakane Ha Osta Tonka” ¢ A. CrbuTnero ce ciyd-
Ba CaMo akKo eJHO OT chouTusta Hy nin Hy Bede ce e cayamno. Heka ga m3BaanmM Tommka
OT Ir'bpBaTa KyTus, bejmre Tonku ca 4, Bcmakure Tonku ca 10:

4 2

Heka cera jia u3BaiuM TOIIKa OT BTOpaTa KyTus, Oe/uTe TOIKHU ca 7, BCHIKUTE ca 12:

P(A/H,) = %

JlBeTe cbONTHSA ca HECHBMECTUMHU — MOXKEM Jla M3BaIUM TOIKA WJIM OT II'bpBaTa KyTHUS
WX OT BTOpaTa KyTHUsl, KATO BCEKH II'bT 3ariouBaMe orHavdasio. CregoBaTe/IHO MOXKEM Jia
npuIozKuM (hbopMyJiaTa 3a II'bJIHATA BEPOATHOCT:

17
2 12

_|_

P(A) = P(H,)P(A/H,) + P(Hy)P(A/Hy) = =
_l T2 % 5
S5 24 120 120 120°

N | —
[S Y \)
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Cera Bropa noarouka. Ilpuiarame bopmystara Ha Beiic 3a 1a n3dmncmm BEpOSITHOCTTA,
J1a cMe M3BaIUIN OsiiaTa TOIKA OT BTOpaTa KyTHsI:
P(Hy)P(A/Hy) 1/2-7/12 7 120 35

PH/A) = P(A) T 59/120 24 59 59

Jla u3vunc/iuM 1 BEpOTHOCTTA JIa CMe U3BaIMIH Osijia TOIIKa OT I'bpBaTa KyTHsI, CyMaTa
Ha JIBETE€ BEPOsITHOCTH TPsiOBa Jia € eIMHUIIA;
P(H,)P(A/H) B 1/2-2/5 B 1 120 B 24

PU/A) = P(A) T 59/120 5 59 59

Orrosop: P(A) =59/120, P(Hy/A) = 35/59. O
3adaua 5. Manena e caydaiinata BennyanHa X C IJTBTHOCT Ha pas3lpejie/ieHne

re . x>0, a>0,
0, x < 0.

HaMepeTe IHapaMeTbpa a 1 MaTeMaTUI€CKOTO O9aKBaHE FEX.

Pewenue. Henpexscrama cayuating seaununa. Coydajinara seandunna X u HeifHaTa
dbyukums Ha pasupenesenne F(X) ca HenpekbcHaTH, ako cbinectsysa f(z) > 0, f(z)
uHTErpyeMa B (—00, 00) 3a BCIKO PEAIHO T, TakKa Je:

F(X) = /_ " .

Oyukrusita f(r) ce HapUYa IIBTHOCT HA PA3IpPEIe/IeHHeE.
HopMmupaimo cBoiicTBo (aHAIOr Ha cymMaTa OT BCUYKH BEPOSITHOCTH DU JUCKPETHA

caydaiiHa BeJTMIMHA):
/ f(x)dx = 1.

ToBa cBoiicTBO € 3a HaMHUPpaHE Ha CTOMHOCTUTE Ha, BEPOATHOCTTAa:

b
Pla<X <b) = / f(z)dx.
MaremaTnueckoTo OuaKBaHe e:
EX :/ zf(z)d.

Hucniepcusita e 110 cbhara GopmyIia:

DX = BE(X —EX)*= /OO (r — EX)*f(x)dz,

—00
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DX = E(X —EX)*=B(X? - 2XEX + (EX)?) =
= EX? -2EXEX + (EX)? = EX? — (EX)%

BamnmncaHo Hail-KpaTKo:

DX = EX? — (EX)?, EX? = / 22 f(z)dz.

—0o0

Heka na ce bpHeM KbM 3aj1adara. TpsadBa jga HAMEpPUM ITapamMeTbpa a:

oo 0 00
/ flz)dr =1 = / Odx +/ xe “dr = 1.
0 —00 0

[IbpBugaT unrerpas e mysia. BTopudaT e HecOOCTBEH, MPECMATa Ce TaKa:

oo N 1 N
/ xe “dr = lim xe “dr = lim [——/ xe_”d(—ax)} =
0 0

N—oo 0 N—oo a

1 : N —ax L. —ax |N N —ax
= —— lim zd(e” )| = —— lim |ze **|y — e “dx| .
a N—oo 0 a N—oo 0

Unrerpupaxme no-gacru, —1/a usnese ormnpes (e 3asucu or z). [Ipomxbikasame:

1 N 1 N
—— lim {xe‘“ﬂé\f —/ e“”’dm] = —— lim [Ne_“N — 0e™® —/ e_‘“:dx] =
a N—oo 0 a N—oo 0

1 N
= —— [lim Ne N — lim e“”’d:v] )
a | N—oo N—oo 0

Hexka na mnoriiegaeM JigBaTa rpaHuIia;

lim Ne ™ = [00.e™] = [00.0].
N—o0

Tosa e HeonpeiesieHoCT, TPAOBA J1a g TpeodpasyBamMe B Oe3KpaitHOCT BbpXy Oe3KpaitHoCT
WIN HyJIa BbPXY HYyJa, 3a Jla IPUIOKKM IIpaBujIoTo Ha Jlomura.

lim Ne Y = lim =

N—oo N—oo eaV
[Tpurarame mnpapuioro Ha Jlomuran — audepeHnupamMe MOOTAEIHO IUCIUTES U 3HaAMe-
HATeJd:

lim N:>Iim N:—:O.
N—oco e% N—oco ge? o0

Heka ma orbenexum, qe e — 0, e — oo (BukKa ce u Ha rpadukara Ha ).
Ob6parHO KbM HHTErpaJia;

1 N 1 N 1 N
—= [O — lim e‘“‘”dl} = — lim e dr = —— lim / e d(—azx) =
a N—oo J a N—oo [q a° N—oo [
_ 1 : —ax|N __ 1 : —alN : —al0| __ 1 _ 1
= eI = g [ e e = G0 =
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Nurerpanbr e paBeH Ha €JIMHUTIA:

& 1
/ xe’“xdx:1:>—2:1:>a::i:1.
0 a

ITo ycnoBue a > 0, ToraBa a = 1:

rze *, x>0,

0, z < 0.

fx) =

Cera MaTeMaTHIeCKOTO OYaKBAHE:

00 0 00 00
EX:/ .rf(.r)dx:/ :Ede+/ a:(xe_x)dx:/ r?e " dr.
— 00 —00 0 0

WNuTerpaabt ce periaBa upe3 UHTErPUPAHE 10 TacTH.

oo N N
/ r*e "dr = — lim e d(—x) = — lim vd(e™) =
0 N—oo /g N—oo /g

N
= — lim {xQe”‘"]é\f—/ exd(xQ)] =
0

N—o0

N
= — lim [NQeN — 0% —/ 2a:exdx] .
0

N—o0

Heka Ja pa3rjieiaMe JigddBaTa I'paHula:

lim N%e N = lim — =
N—o0 N—oo €

N? |:OOi|
<
Tosa e meonpeerena dpopma, MOXKEM Ja IIPUJIOKUAM IpaBUIoTo Ha Jlomurast:

lim — — lim — =
N—oo 6N N—oco eN

N2 2N [00}
<

ITak HeoIIpe/ie/ieHa d)opMa, npujiaraMe IIpaBUJIOTO OIlEe BEJIHDHZK:

li 2N:>1' 2—2—0
Nl—r>r<l>oeN Nl—r>nooeN_oo_ '

[IbpBuTe JIBE chOMpaeMu ca HyJIa, OCTaBa CAMO MHTErDAJIA:
N N N

lim 2ze "dxr = —2 lim ze *d(—z) = -2 lim xde ™ =
N—oo Jg N—oo /o N—oo Jg

N
= —2 lim [xe‘ﬂév —/ e_zdx} =
N—o0 0

N
= —2 lim [Ne_N —0e° —/ e‘””d:v} )
0

N—oo
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ITax pa3rjiezKjgaMe JidBaTa I'PpaHUlla U IIpWJIaramMe IIpaBUJIOTO Ha Jlomrrau:

N 1 1
lim Ne™™ = lim — = [2} — lim —=—=0.
N—oo N—ooo eV 00 N—oo eN 00

H’prI/ITe BeE C’b6I/IpaeMI/I Ca HYyJIa, IIaK OCTaBa CaMO HMHTerpaJia:

N N

2 lim e Pdr = —2 lim e *d(—z) = -2 lim €_$|év =
N—o0 0 N—oo 0 N—oo

= =2 lim [ ] =2 lim eV 1] =20 -1] =2,

N—oo N—oo

Otrosop: a =1, EX = 2.

O

3adaua 3. Hamepere anamuruanara dyukuus f(z) = u(z,y) + wv(x,y), ako v(z,y) =

3zy + e* cos(y) m f(0) = i.
Pewenue. Nzuanciagsame mbpBa U BTOPa IPOU3BOIHA:

v, = 3y + € cos(y), v, = 3z — " sin(y),

vl o= e"cos(y), v

. v o= —e"cos(y).

vy
"

Bumxname, ue v,

Komu-Puman:
ul, = 3z — e sin(y) =
u, = —[3y + e® cos(y)]

/

/
Yy
== _UJ?

Bsumame mbpBoto ypashenue. VaTerpupame u(z, y) mo :
ul, = 3x — e sin(y) =

uwy) = [0 e sin(y)lde + oly) = 5a” - e sin(y) + ().

+ v;’y = 0. Moxem 51a mpoabmkuM. V3mon3Bame ypaBHEHUATa Ha

Cera umame dyukiusa ¢(y) Ha y. 3a na s HaMepuM, 3aMectBame u(x,y) BbB BTOPOTO

ypasaenue: u, = —v,. ludepenrupame 1o y:
3 2 T 3
uz,y) = 527 — e"sin(y) + o(y) =

/

u, = —e”cos(y) + ¢'(y).
[IpupaBusgBame nHa —v.:
—e" cos(y) + ¢'(y) = —[3y + € cos(y)],

—e" cos(y) + ¢'(y) = —3y — €” cos(y),
¢'(y) = —3y.
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Nurerpupame 1o y:

BamecrBame BbB dhopmyraTa 3a u(x,y):

3 . 3
u(w,y) = 52* — e"sinfy) — Zy*.

U ToBa e xapMoHUYHO crpernararta GyHKIug Ha (T, y).
JlobaBsime KOHCTAHTA:

3 3
u(z,y) = 53:2 — 5@;2 —e"sin(y) + C.

SammucBaMe aHaJIUTUIHATA (byHKHI/Iﬂi

f(z) = ng - ;yz —e”sin(y) + C +i[3zy + e” cos(y)].

Usnonssame nagannoro yciosue f(0) =i, z = x + iy = 0+ 40:
f(0) =0—0—¢€"sin(0) + C +i[0 + €’ cos(0)] = C + .
[IpupaBHsiBame Ha i:
C+i=1=C=0.

Pemennero e: 3 3
f(z) = 5:172 - §y2 —e"sin(y) + i[3zy + e cos(y)].

3adava 4. Pemere nnrerpasa
z+1
7{ 2l g
2(22 4+ 1)2
|2—i|=1,5
Pewenue. Tpsabsa 1a pasyioKuM MOAMHTErpaJIHaTa (DyHKIUS:

z+1 z+1 z+1

222412 z[(z—i)(z+9)]2  2(z—i)2(z+10)?

Hynure na 3namenarens ca z = 0, 2z = ¢ u z = —i, HyJIUTe Ha YUCAUTENsA: 2z = —1.
Hsama cbhBraany Mexx 1y JucauTeNrd U 3HaMeHaresd. ToraBa nMame €JITHOKpPATEH ITOJIIOC

B 2 = O, JABYKpaTeH IIOJIIOC B £ = s ABYKpaTeH IIOJIIOC B 2 = —1.
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-3 -2 -1 0 1 2 3

NuTerpupamMe BbpPXY OKPBHAKHOCT € MEHTHP 2z = ¢ U pajguyc r = 1, 5. [lomocure z = 0
U Z =1 ca B OKPBXKHOCTTA, HO 2 = —i He €. B TakbB ciIydail pereHuero e:

I = 27i(Res[z = 0] + Res[z = 1]).
Hexka Ja USIYUC/IUM €JHOKPaTHUA IIOJIIOC B 2 = 0:

. z+1 . z+1 1
Reslz = 0] = lim(= = 0) - — e ~ M e — 170

Cera nByKpaTHUS IIOJIOC B 2 = i

Rese =i = g5 0~ 0 S e Ea=k

Jla cMeTHEM TIPOU3BOIHATA, OTJIEJTHO:

{ ! }/: Loz 40’ = (2 + Dle(e + i)

2(z+1)? 22(z +4)*
_ 2z 4 — (e D+’ +22(2+8)] _ 2(e+19) — (2 + D[(z+1) +22] _
22 (z+10)* 22(z+1)?
C2(z41) = (2+1)(Bz+1i)  2PHzi— (322 +z2+32+10)  —22°—3z—i
22(z +1)3 22(z +1)3 22(z+1)%

3aMecTBaMe 0OpaTHO B TpaHUIATA!

I —222—3z—i —2?-3i—i 2—4i 1-—2i
1m = e = =
i 22(z i) i2(2i)3 2i i
1—2i(—i) —i+2* —i—2 :
=— = = o = =—-2—u
i (—1) —? 1
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Pemennero e:
I =27mi(1 —2—14)=2mi(—1—14) =2n(1 —1).

]

3adava 1. C METOAUTE Ha OIICPpAIlMOHHOTO CMATaHE pelnieTe nHTEIrpaJIHOTO YpaBHEHUE

z(t) =t + 2/0 cos(t — 7)x(7)dr.

Pewenue. Tpsabsa ja pernmM HHTEIPAJTHOTO yPaBHEHUE C IIpUIarane Ha TpaHcopMaIus
na Jlannac. Boemoxme g npu audepeHnma HuTe ypaBHEHUS, I S JOMBIHAM C TOBa
KOETO HU TpsOBa.

e Tpancdopmarus or pyuknus ¢:

oo N 1 N
L[t] = / te *'dt = lim te *'dt = —= lim te *td(—st) =
0 N—oco 0 S N—oo 0
1 N 1 N
= —— lim {te_“ o —/ e‘“dt} = —= {lim Ne ¥ — 0 — lim e‘“dt] .
S N—oo 0 S | N—oo N—oo 0

Beue 3naem, ge noceans warerpat e L[1] = 1/s, Heka 1@ BUuM rpaHunara;

lim Ne *N = lim ~ =
N—o00 N—oo e8

w3

KOETO € HEOIIPeJIe/ICHOCT, ITpuIaraMe mpaBuioTo Ha Jlonuralt:

lim N:>lim N:—:0.
N—oo €5 N—oco se° o0

L) = -2 {o—o—l} - L

s S 52

[Tonyuasame:

Tpancdopmarus or 2 me e HoJ06HO, HO ¢ IBa I'bTH HHTerpupane Ho-9acTH, HaAMa
na 3anucsame. Qopmyrnara e:

1
8_27

2 6 n!
21 31 n] _
L[t]__s?” L[t]——s4, ..., L[t"] = sy

L] =

Mozkem Jda CHh HallpaBUM HU3BO/Ia, 4e€:

e Tpancdopmarusa or te®t:

oo oo 1
L[te®] = / tee S dt = / L A ——
0 0
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kato Bede 3HaeM, ue L[e*!] = 1/(s —a) u L[t] = 1/s*. Tyk a e upoussoHO
KOMIIJIEKCHO 1nciio, Kato Rs > Rav (s > « ako ca peasnn qucia). Popmyrara e:

2 n!

Lte™] = o) L[t"e™] = =

m, L[t?e™] =

Bmxkmame, de:
L) = et = 2 = 1
(s—a)l  s—a

o Tpancdopmarus ot kouosionus. CJie/IHOTO HENIO ce HapUYa KOHBOJIIOIWS Ha, JIBE

byukmum f1(t) u fo(t):

(fr* fo)(t /flt_TfQ dT—/fl ) fo(t — 7)dr

Crennara meopema na Bopea HU TO3BOJIABA JIa ce cupaBuM ¢ ToBa: ako L[fi(t)] u
L[f5(t)] ca tpancdopmarmure wHa dyukipure fi(t) u fot), T0

L{(f1* f2)(t)] = L[f1(t)|L[f2(t)].
TGSI/I JB€ KOHBOJIIOIIMU Ce€ CpenlaT B OCTaHaJIUTe 3a/lavdu:

/Ot sin(t — 7) f(7)dr, /Ot cos(t — ) f(r)dr.

Heka L[f(t)] = k u na nanpasum TpanchopMaImuTe:

L [ /0 sin(t — 7) f(T)dT] = Llsin(t) = f(t)] = L[sin(t)|L[f(t)] = ﬁk‘ = 5211 %
L UO cos(t — T)f(T)dr] = Licos(t)xf(t)] = Llcos(t)|L[f(t)] = ﬁ’f = %

[IpomenuBaTa T € TYK caMo 3a Jia IMOKazke, 9e TOBa € KOHBOJIIOIHSA, TOECT T HE Ce
TpaHcdopMupa.

Eto ocrnoBHuTe bOpMyIN HAKPATKO:

1) = 3 L[C] = g L] = - - ot = l Lite™] = ﬁ
. k sk
Lisin(t) = f(t)] = IR Llcos(t) = f(t)] = 2+ 1

Bpsbiiame ce kbM 3ajadara:

z(t) =t+ 2/0 cos(t — 7)x(7)dr.
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Cwmensime TpoMeH/IMBATA * Ha f, TOBA HIMA Jla IPOMEHH 33/1ad9aTa:

fity=t+ 2/0 cos(t — 1) f(T)dr.

[Ipurarame Tpancdopmarus Ha Jlammac 3a BCIKO OT chOUpaeMure:

LIf(t)] =k, L[t] = 8—12, L {/0 cos(t — T)f(T)dT:| = Llcos(t) * f(t)] = Sji T
Torasa: o 1 sk
T 82 * s2+1

NszkapBame k 1mpem cKOOU U IPEXBbBPJIsIME BCUIKO BISICHO:

2s 1 s24+1—2s 1
( 52—1-1) 52 5241 s?’
b s+ 1 ko s N 1
Cs2(s2—25+1) Cos2(s2—25+1)  s2(s2—2s4+1)
1 1
L —

(s —1)2 i s2(s — 1)

Cera TpsiOBa J1a pa3ioKuM QYHKIIATA BAICHO. [losimHOMa B 3HAMEHATET NMa, IBYKPaTeH
KOpeH B HyJIaTa U JIBYKpaTeH B eJuHUIATA. Pa3jaraneTo Ha ejgeMeHTapHU Jpobu e:

1 A, B_C D
s2(s—1)2 s 82 s—1 (s—1)%

[Tpusexganme 1o 061 3HAMEHATEJT:
1=As(s—1)>+ B(s—1)? + Cs*(s — 1) + Ds*.
Cera 3amecTBaMe ¢ KOPEHHUTE:

s5=0:1=0+B0-12+0+0= B =1,
s=1:1=04+04+0+D =D =1,
s=-1:1=-A(-2*+B(-2)*+C(-2)+ D= 1=—-4A+4B - 2C + D,
l=—4A4+4-20+1= 4A+2C =4,
§=2:1=2A4+B+4C +4D = 1 =2A+1+40C +4 = 2A +4C = —4.

Karo cvbepem mBere ypaBHeHus mosydapame, ve A = —(C'. 3amecTBaMe B €JIHO OT JBETE
u nony4daBame: A = 2, C' = —2. Paznaranero e:
1 2 1 2 1

32(5—1)2:s+52 3—1+(s—1)2'
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BamecTBaMe 0OpaTHO B ypaBHEHHETO 3a k:

po L2 12
S (s—12 s 82 s—1 (s—1)%
L2, 1 2 2
s 82 s—1 (s—1)¥
1 1 1 1
k=2-4+— -2 2
s s? s—1+ (s —1)2
Buxname, we:
1 1 1 1
Lif(t)] =k, L1]=—, L[t] = =, L[e'| = ——, L[te'] = :
£ =k, L) =, L = 5. L€l = 727 L) = =5

[Ipurarame obparna rpancdopmarus Ha Jlanmac 3a Bcako oT chOupaemure:
f(t) =2+t —2e" + 2te’.

U ToBa e PeIIeHneTo Ha 3aiadaTa.



3 Tpera Tema
3adaua 1. IlpecmerHere mHTErpaJa;
e —1
——dz.
/ 22 sin(2) :
|z|=4

3adava 2. a ce Bb3cranosBu xojomopduara dyukuus f(z) = u(x,y) + iv(x,y), axo
F(0)=0u
u(z,y) = 2zy + €°sin(y).

3adaywa 3. a ce pazsue B pej na Oypue dyHKIUATA:
f(x)=—x—4, v €[-6,-2].

3adava 4. C MeTouTe HA OMEPAIMOHHOTO CMsITAHE PEIleTe UHTErPATHOTO YpaBHEHUE:

() = £+ 2 /0 cos(t — 7)a(r)dr.

3adaya 5. Cnydaitnarta BequdnHa X nMa pasipeje/eHue:

z|—2]-1]0] 1 | 2
pi | 0,2]0,3|ps |0,08]0,02"

Jla ce HamMepsT BEPOSATHOCTTA P3, MaTeMaTUIecKoTo odakBane KX m maucrepcusta DX
Ha cjydJaiiHara BejudnHa X .

3adava 6. Vmame Tpu eIHAKBU Ha BbHINEH BUJ KyTuu. B mbpBaTta uma 4 6eu u 6 vepan
TOIIKH, BbB BTOpaTa — 7 Oeu u 5 4epHHU, B Tperara — 6 Oesm u 4 yepHU.

a) Kaksa e BeposiTHOCTTA J1a M3BAUM Osly1a TOTIKA OT MTPOM3BOJIHA Ky TUST!

6) sBasena e 6si1a Tonka oT caydaiiHo n3bpaHa KyTus. KakBa e BEpOsITHOCTTA B3e-
TaTa Osd71a TOMKA Jia € OT BTOpaTa KyTus !

Beaka 3aa4a e mo 10 Toukn.
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3adava 6. Vimame Tpu eIHAKBU Ha BbHINECH BUJ KyTuu. B mbpBaTta uma 4 6eu u 6 vepan
TOIIKH, BbB BTOpaTa — 7 Oeu u 5 4epHHu, B Tperara — 6 Oesm u 4 YepHU.

a) Kaksa e BeposiTHOCTTA J1a M3BAUM Oslj1a TOTIKA OT MTPOU3BOJIHA Ky TUST?

6) sBasena e Gsiia Tonka oT caydaiiHo n3bpaHa KyTus. Kaksa e BEpOSITHOCTTA B3e-
TaTa OsgJ1a TOIKA Jia € OT BTOpaTa KyTus !

Pewenue. Heka na orbesekum m3Bazk1aHeTo Ha Osijia TOIKa OT IrbpBaTa KyTus ¢ Hy, o
BTOpaTa KyTuda ¢ Hy m oT Tpetara KyTus ¢ Hs. lmame Tpu cbOUTHSA, BCIKO ¢ BEPOATHOCT
Ja ce cayan 1/3, cO0pbT UM e emHuIA:

P(H,) = %, P(H,) = %7 P(H3) = ,

W
\'M
]
5
Il

4 6emun 7 Genu 6 Genu
6 yepHH 5 yepHH 4 yepHH
H, Hy Hj
U3BaXKIaMe TOIKa U3BaXKIaMe TOIKa U3BAXKaME TOIKa
OT IIbpBATa KyTHS OT BTOpAT§ KyTHS OT TpeTaTa KyTus
A

HU3BaXKIaMme Osuia TomkKa

Heka nma orbenexxnm chouTneTo “n3Baxkaane Ha Osta Tonka” ¢ A. CrbouTnero ce ciyd-
Ba CaMo aKo eJHO OT chouTusita Hy nmm He nuin Hs Bede ce e ciyamio. Heka jna n3Baum
TOIIKa OT I'bpBaTa KyTusi, 6ejimTe TONKU ca 4, Bcmukure Tonku ca 10:

4 2

Heka cera j1a u3BaiuM TOIKa OT BTOpaTa KyTHus, Oe/IUTe TOIKHU ca 7, BCHYKUTE ca 12:

7
P(A/H,) = —.
12
Heka cera jia m3BajiuM TOIIKa OT TpeTara KyTusi, oejymre Tonku ca 6, Bcmukure ca 10:

6 3
P(AJHy) = — = 2.
10 5
TpI/ITe C'b6I/ITI/IH Ca HECbBMECTHUMU — MOZKEM Jla U3Ba UM TOIIKa WJIX OT II'bpBaTa KYTHUA
njm OT BTOpaTa KYTHUA UM OT TpeTaTa KYyTHA, KaTO BCEKHU II'bT 3all0YBaM€ OTHa4daJIo.

CJIGILOB&TGJIHO MO2KEM J1a IITPUJIO2KUM (bopMyﬂaTa 3a II'bJIHaTa BEPOATHOCT:

P(A) = P(Hy)P(A/Hy) + P(H>)P(A/Hy) + P(H3)P(A/Hs) =
12 1 7 13 2 7 1 24+35+36 95 19

353 123 5 15

T35 5.36  5.36 36
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Cera Bropa noarouka. Ilpuiarame bopmystara Ha Beiic 3a 1a n3dmncmm BEpOSITHOCTTA,
J1a cMe M3BaIUIN OsiiaTa TOIKA OT BTOpaTa KyTHsI:
P(Hy)P(A/Hy) 1/3-7/12 l . 36 l
P(A) 19/36 36 19 19
Heka ja BuguM gpyrure aBe BEPOSTHOCTH, CyMaTa Ha TPUTe TPAOBa Ja € eJIMHUIA:

P(H, JA) = P(H\)P(A/Hy) _1/3-2/5 2 36 _ 24

P(H2/A) =

P(A) 19/36 15 19 5-19
P(H3;)P(A/Hs) 1/3-3/5 1 36 36
P(H;3/A) = - _ 2.0 _ %0
(Hs/A) P(A) 19/36 5 19 5-19°
3
24 7 36  24+35+36 95
S P(H ) = S L O EOED By
- 5.19 19 ' 5-19 95 95
Otrosop: P(A) =19/36, P(Hy/A) = 7/19. O

3adava 5. Cnydaitnara Beaudanna X nMa pasnpejeseHue:

v |=2|-1]0] 1 | 2
pi | 0,2]0,3]ps]0,08]0,02"

Jla ce HamMepsT BEpOATHOCTTA P3, MaTeMaTUIecKOTO odakBane KX m aucrepcusara DX
Ha cjydJaiinara BeJudnHa X .

PeweHue. CyMaTa OT BCUYKH BEPOATHOCTHU € €JIUHUIIA:
0,240,3+p3+0,0840,02=1=>0,5+p;3+0,1 =1=>p;s =0,4.
ToraBa Ta6JII/IHaTa CcTaBa:

mi|-2]-1] 0| 1 | 2
pi | 0,2]0,3]0,4[0,08]0,02"

MaremarnyeckoTo O4aKkBaHe:
5
EX =) ap=-2:02-1-0,3+0+1-0,08+2-0,02=
i=1

=-0,4-0,340,084+0,04 =-0,740,12 = —0, 58.
MaTeMaTHIeCcKOTO OYaKBaHe 3a X 2:
5
EX?=> alpi=4-0,24+1-0,3+0+1-0,08+4-0,02=

=1

=0,84+0,3+0,0840,08=1,1+0,16 =1,26.
Hucnepcusra:
DX = EX? — (EX)*=1,26 — (—0,58)? = 1,26 — 0, 3364 = 0, 9236.
Otrosop: p3 = 0,4, EX = —0,58, DX = 0,9236. O]



Bucma Maremaruka 11 3 Tpera tema 37

3adava 4. C MeToauTe HA OMEPAIMOHHOTO CMsITAHE PEIleTe NHTErPaTHOTO YpaBHEHUE:

x(t) =t+ 2/0 cos(t — 7)x(7)dr.

Pewenue. 3amgadara Bede e pemnteHa. Bk Tema 2, 3amaqda 1. O]

3adaua 2. Ha ce Bb3cranoBu xomomopduara dyaknus f(z) = u(x,y) + iv(x,y), ako

£(0) =0
u(x,y) = 2xy + e”sin(y).

Pewenue. Xonomopdunre GyHKINE ca aHAJATAIHE. 3ajadara Bede e pelreHa. Bk
Tema 1, Sagaua 1. m

3adaua 1. Ilpecmernere nnterpasa:

Pewerue. Hymure Ha quciureis:
ef—1=0=¢e"=1= 2=0,

TOECT YHMC/IUTENs UMa eJHOKpaTHa Hysa B 2 = 0.
Hysure na snamenarens 22 sin(z):

P =0= 2=0, sin(z) =0 = z =0, £, £27, +37,.. .,

TOECT 3HaAMeHAaTe IsI UMa TpUuKpaTHa Hyna B 2 = 0, u eJlHOKpaTHU HYJU B £7, 27, ...
Tosa e Taka, 3aI10TO KpaTHoCcTUTe Ha 22 1 sin(z) B z = 0 ce chbupar.

Heka na Buaum: KpaTHOCTTa Ha 3HaMeHarTess B 2 = () e TpeTa, KpaTHOCTTa Ha YNC-
juteng B z = 0 e mbpBa, n3BaxKaaMe ru: 3 — 1 = 2, mogydaBaMe JBYKpaTeH TOJIOC B

z=0.

z =21

4
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Nurerpupame BbLPXY IeHTpaIHa OKPbKHOCT ¢ pajuyc 4. [Tomocure B 2 =0, z =7 n
Z = —T ca B OKPBXKHOCTTa, JIPYTUTE He ca. ToraBa perieHnero e:

I = 2mi(Res[z = 0] + Res[z = 7] + Res[z = —71]).

Nzuncngsame aBykpaTHud 1ojioc B z = O:

1 . 5 €7 —1 2-1) . e — 17

Rl =01 g g 0| [ -
e*sin(z) — (e* — 1)cos(z) e*sin(z) — e* cos(z) + cos(z)
20 sin?(2) '

= lim
z—0 sin?(z)

Koeto e neonpenenenoct. [Ipunarame npapusioro Ha Jlonurast:
| e*sin(z) 4 e* cos(z) — €* cos(z) + e* sin(z) — sin(z)
i =
250 2sin(2) cos(z)

2e*sin(z) — sin(z)‘

20 sin(2z)

Koeto e oTHOBO Heonpeenenoct, oTHOBO JlommTast:
2¢*sin(z) + 2e”cos(z) —cos(z)  04+2—-1 1

lim = .
2—0 2 cos(2z2) 2 2
Cera eJHOKpATHHUS HOJIIOC B 2 = T
=1 -1 z— e" —1 z—
Res[z = 7] = lim(z — W)s,— = lim lim =~ = lim =~
Z—m 22sin(z)  z—m 22 zowsin(z) 2 -7 sin(z)

[panurnara, KosaTo OCTaBa € Heolpee/eHoCT (J1a, MOXKeM Jla TH pasjesisive taka). Ts e
HyJ1a BbPXY HYyJIa, 3a Hed IIpujaraMme mpaBuaoTo Ha Jlomurast:

. 2T ) 1 1 1
lim ——— = lim = = — =-—1.
z—m sin(z) z—mcos(z)  cos(m)  —1
ITo To3m HawmH ce cbKpalaBa Hysaata Ha sin(z) B z = 7. Torasa:
e —1 e —1
Res[z = 7] = — (—1)=— =
OcraBa eJHOKpaTHH [OJIIOC B 2 = —TT:
-1 -1 T—1
Reslz = —7] = lim(z—i—w)s_—: lim —— = lim Z.—HT:6 lim Z.—HT.
27 22s8in(z)  2—o-m 22 2>-wsin(z) (—m)? 2—-nsin(z)
[Ipunarame mpasuoTo Ha JlonmTasa 3a BropaTa rpaHua:
.2t : 1 1
lim —— = lim = = —=—]
2——7 8in(2) —-mcos(z) cos(—m) —1
Toraga: ) .
6—71' _ e—ﬂ' —
Res[z = 7T] = —2(—1) = —T

Pemennero e:

({1 e"—=1 e T™—-1 (1 e"+e -2
()
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3adava 3. [a ce pazsue B pexn na Oypue hyHKInATA:
f(x)=—x—4, ze[-6,-2].

Pewenue. Teopusra e BbB daitsia mo Bucma Maremaruka 2. ['pacdukara na pyakiumsra.

4 8

3 6 I

2 4

1 2 k

0 0

1+ 2+

2 4+

3 -6 -

4 L L L L L L 8 L L L L L L

7 6 5 4 3 2 -1 0 1 -10 8 6 4 2 0 2 4 6

Bamucsame: [ = [-2 — (—6)]/2 = 2. [lepuoguano npoabikenue: f(z+4) = f(z).
WzgucnsaBame ag:

g = %/_6 (—z — 4)dx = _%/_6 (x +4)dx = —% [% _6+4x]§] =
_ _% E _ % (=8 — (—24))] — _[—16+16] = 0.

Cera uzuncasBaMe a,,:

1 -2
a, = —/ (—x —4)cos (@> dx =
2/ 6 2
) —2
5| s () [ eos (M50
21/ 2 6 2

Cremgaure aBa MHTErpaJia Ce MOSBABAT JIOCTA YECTO B 3aa4aTa, HeKa J1a I'l IPeCMeTHEM
OTJICJTHO:

-2 —2
I — / o8 (m) dr— 2 [ cos (@) d(@) _
_6 2 nm J_g 2 2

y = %[sin(—nw) — sin(=3nm)] =0,
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3amoro sin(nm) = 0, 3a Beako nano n. Cera u 3a cunyc:
9

2

-9 —
Isin = / sin (—nﬂ-x> dr = i sin (—nﬂ-x> d <—n7rx> =
_6 2 nw J_g 2 2

= —% cos <n_72rcv) . = —%[COS(—TLW) — cos(—=3nm)| =
= = {1 = (<17 = = (-1 — (1)) =0,

3aI0TO 3N He IPOMEHs YeTHoCTTa Ha n: (—1)3" = (—1)™.
N nBata mnTerpaJsa ca nysa. Torasa 3a a, mMame:

2

1 [72 nmT 1 - . /T
ap, = —— Z COS (—> doe = —— zd sin (—) =
2 ) 6 2 nw J_g 2

1 [ Y AN /2 . /nTx
= —— | xsin (—> — sin <—) dz| =
nmw 2 /- _6 2

_ _%[_%m(_m) — (=6) sin(—3n7) — 0] = 0,

3AIIOTO Bede N3UNCTUXMe HHTErPaJI OT CUHYC, U 110 TOPe CIIOMeHaxMe e Te3H JIBa CHHYCa
ca nyna. Kakro u 3ayia4da 1-2 or BM2, Tasu ¢pyHKIMA ce IbpKU KaTo HEYeTHA, & € HUTO

yeTHa, HUTO HEeYeTHA.
Ocrana j1a U34UCIUM H by,

1 [ . (nTT
bn—§/_6 (—x—4)sm<7)dx—

1 -2 —2
= —— / T sin (@> d:v+4/ sin (@) dz| .
2 1) 6 2 _6 2
Bropust maTerpas e Hysa, KaKkTo mpecMeTHaxme mo-rope. Torasa:
1 [72 nwx 1 -2 nwx
b, = ——/ T sin <L> de = — xd cos <i> =
2 ) 6 2 nw J_g 2
2

= % {xcos (?H:Z —/_; CoS <$> dx] =

= i[—2 cos(—nm) — (—6) cos(—3nm) — 0] =

= 2(- 1)+ (1)) = (=21 61 = 4(;;)717

3aIl[0TO HHTErpaJia OT KOCHHYC e HyJa, KakTo 1 ue (—1)3" = (—1)".
PasButuero na ¢ynxmuara B pes na Oypue:
N D 27,2/ N gy (s D L (nm;)
f(x)—Zjl e sm(2>—7T; ——sin{——).

n—




4 YerBbpTa TEMA

3adawa 1. Pazsuiite B pes va Oypue mo cunycn QyHKIHATA:

f(x):{x’ 0<z <,

1, 1<x<3.
3adava 2. Hamepere anamuruanara dbysxius f(z) = u(z,y) + v(x,y), ako
u(w,y) = 2* =y,
3adava 3. Perere KOMIIJIEKCHUST HHTEIPAJL:
I= / Z(SZ—:ll)de.
|2—1|=2
3adaya 4. C MeToanTe Ha OMEPAITMOHHOTO CMSITAHE peIleTe ypaBHEHHETO:
v +y = e, y(0) =y'(0) = y"(0) = 0.

3adawa 5. C momornra Ha oneparopa Ha Jlammac pemrere:
t
=2 —x +/ sin(t — 7)x(r)dr, x(0) =0, t > 0.
0

3adava 6. CnyuaitHata BeJimduHa X UMa pas3lpe/ie/IeHIe:

X[-1]0]1]2]3
P‘Zc‘2c‘20‘c‘c'

Hawmepere: ¢, EX, DX, P(0 < X < 2).

Beaka 3aa4da e mo 10 Toukn.
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3adava 6. Cnydaitnarta BeudnHa X nMa pas3ipeje/ieHue:

X|[-1]0]1]2]3
P‘QC‘QC‘ZC‘C‘C'

Hawmepere: ¢, EX, DX, P(0 < X < 2).
Pewenrue. Cymata OT BCUIKNA BEPOSITHOCTH € €IUHUIIA:
1
2c+2c+2c+c+c=1—8=1—c= g

Torasa Tabaumara crasa:

X|-1]o0o]1]2]3
P|2/8]2/8|2/8][1/8]1/8"

Maremarnueckoro oyakBaHe:

5
2 2 1 1 5
EX = pi=—1-=-4+04+1-=-+2-=4+3- == —.
;” g tUTlgte g2 373
MaTteMaTHIecKoTo ouakBame 3a X 2:
5
2 2 1 1 17
EX? = 2i=1-2404+1-2+4--49.- =",
D alp g POT L g T3t 873

=1

Jucnepcusra:

DX = EX*— (EX)* =

17 (5)2_17-8—25_136—25_111

8 8 64 64 64

3a Jda U39UCJINM BEPOATHOCTTa X Jda € MEKIYy HYyJIa U IBE Tpﬂ6Ba Ja 3allilIeM CbYHK-

musiTa Ha pasupejeserne F(X):

(0 X < —1,
2/8 =1/4 1< X <0,
px) = J 2328 =8 =12 0<Xx<1
2/8+2/8+2/8=6/8=3/4  1<X <2
2/8+2/8+2/8+1/8 =7/8 2< X <3
(2/8+2/8+2/8+1/8+1/8=1 3<X
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7/8
3/4

1/2

Nmame X mo-rosigiMo or HyJ1a, KoeTo e 1/2, u mo-Majko oT JBe, Koero e 3/4:

3 1 1
P X<2)=FQ2)-F0)=—-—-=-.
0<X<2=F@)-Fo)=>-1-1

Orrosop: ¢ =1/8, EX =5/8, DX =111/64, P(0 < X <2)=1/4. O

3adaua 2. Hamepere anamurnanara byskius f(2) = u(x,y) + iv(z,y), ako
u(e,y) =" —y*.

Pewenue. NzaucagaBame II'bpBa U BTOpa IIPOU3BOJHA:

I I "o "o
U, =2, u, = -2y, uy, =2, u, =—2.

" "o
Buxname, we uy, + uy, = 0. Moxem na npoxbikum. Msnonssame ypaBHeHusATa Ha
Komm-Puman:
! _ /
U, =22 =0,
ul = -2y =—v

y =

/
x

B3umame mbpBOTO ypaBHEHHE U MHTEIPUpPAME TI0 Y:

v, =2r = v(r,y) = /Qxdy + p(z) = 2zy + ¢(2).
UsnomsBame BTOPOTO ypaBHEHHE Uy, = —U, !
v(z,y) = 2zy + @(x) =) = 2y + ¢'(2).
[pupasussame na —uy:

2y + ¢'(z) =2y = ¢(x) = 0.



Bucma Maremartuka 11 4 Yersbpra Tema 44

He moxkem ja maTErpupame, Thit KaTo TOBa € Hysa, HO ce JoceliamMe, de MPOu3BO/IHATA
Ha, KOHCTaHTa € HyJa. Toect:

() = C.

Xapmonudso crpernararta GyHknug v(z,y) Ha GyHKImITa U(T,Yy) €:

v(x,y) = 2zy + C.

Sanucsame aHAJIUTHIHATA (DYHKIIHA:
f(z) = 2% —y* +i[2zy + C].
Hsmanme HagaHU yC/IOBHS, Taka Ye TOBA € PEIIeHUETO. O
3adava 3. Perere KOMIIJIEKCHUST HHTEIPAJT:
e —1
I= ——dz.
2(22 — 1)?

|z—1]=2

Pewenue. Hynmure na quciureis:
ef—1=0—=¢e"=1= 2z=0,

nMaMe eJIHOKpaTHa Hyla B 2 = (.
Hynure Ha 3Hamenaressi: eJHOKpaTHa Hysa B 2 = 0 u 1ByKparTHa HyJIa B 2 = 1/2.
NsBaxkjame KpaTHOCTTA Ha 3HaAMeHATe/si MUHYC KPaTHOCTTA Ha ducauTess B 2 = (:
1 —1 =0, Toect Hamame nosioc B z = 0. OcraBa HU JABYKpaTHHs MOJTOC B 2 = 1/2.

3

NuarerpupaMe BBLPXY OKPBXKHOCT € HeHTHP 2z = 1 m paguyc r = 2. IlomochT e B
OKpb:KHOCTTa. Perenuero e:

1
I = 27i Res {z: 5} .
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UsuncasiBame IByKpaTHHS HOTIOC B 2 = 1/2:

) (2-1) .
1 1 . 1 er—1 . ef —1
Res|z==-| = —— lim 2=z — = lim .
2 (2—1)! 2172 2) z[2(z-1)] z=1/2 | 4z

Hexka sa cMeTHEM ITpOM3BOHATA OTJIETHO:

e*—1 '_ez-4z—(ez—1)-4_4262—4ez+4_zez—ez+1
4z | 1622 B 1622 B 422 '

SamecTBaMe 0OpaTHO B TpaHUIATA!

z z 1/2 1/2 1/2
b2 e +1 /22— +1  —1/2eY 1, L
Z—1/2 422 4(1/2)? 1 2

SammcBame pesysrara;

1
I =2mi (1 — 561/2) = 7i(2 — e¥/?).

3adaya 4. C MeToauTe Ha OMEPAITMOHHOTO CMSITAHE PeIleTe ypaBHEHHETO:

y" +y =€, y(0) =y'(0) = y"(0) = 0.
Pewenue. Ilpunarame Tpancdopmarius Ha Jlamrac 3a GpyHKIEATA OTIASICHO:

1
s—2°

L[e*] =

Ba dyukuusara y = y(t) sanucsame L[y = k. Vmame Hy/JeBU HAYATHU YCIOBHsI, TOIaBa

L[y = sk — f(0) = sk — 0 = sk,

TOYHO KaKTO I'0 3allicaxMe IPH TeopusTa. 3a BTopa Ipoussoina umame L[y"] = s%k:

Lly"] = s’k — sf(0) — f(0) = s’k — s0 — 0 = 5%k,
u 3a Tpera L[y"]| = s3k:
L") = 8k — 2(0) — s (0) — £(0) = s°%.

3amecTBaMe:

Bcuuko BrgicHoO:

k(s®+s) =
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Paznarame nonmnoma B 3naMenarest, kopenute ca 0, 2, ¢ u —i:
1
s(s—2)(s—1i)(s+1)
Cera TpsibBa Ja pa3/joKUM HA CyMa OT eJIEeMEHTApHU JIPOoOu:

1 A B C D

3(3—2)(3—2’)(3—1—2’)_§+s—2+s—i+s+i'

[IpuBexk tame 1o oOIIT 3HAMEHATE:

1=A(s=2)(s—i)(s+1)+ Bs(s —i)(s +1) + Cs(s —2)(s + 1) + Ds(s — 2)(s — ).

3amecTBaMe ¢ KOpEHUTE:
s=0:1=A(=2)(=)(i) +0+0+0,
1:2@'2A:>1:—2A:>A:—%,
§s=2:1=0+B2(2—14)(2+4)+0+0,
1:23(4—¢2):>1=1OB:>B=i,

10
s=1:1=0+0+Ci(i —2)(2i) + 0,

1
1=-2001—-2)=1=2C(2—1 C =
(i ~2) @-i)=C=55 s,
1 241 2+1 241
22—1i)2+1 24+ 1) 10’
s=—i:1=0+0+4+0+ D(—i)(—i— 2)(—2i),
1
1 =2i?D(—i—2 1=2D(i+2 D =
PD(-i - 2) = 1=2D(i+2) = D = 5.
1 2—1 2—1 2—1
22+1)2—1 2(441) 10
Pazaranero e:
1 1 1 241 2—1

s— 25—+ 25 10(s=2) 10(s—10)  10s+i)

[IpuBexktame 1o 001 3HAMEHATEN IIOCIEIHUTE JIBE ChONPaeMu:

2+1 2—i  (2+i)(s+i)+(2—d)(s—1i)
10(s — 1) * 10(s +14) 10(s —4)(s + 1) B
_23+2i+si+i2+23—2i—8i+i2_ 4s + 2i° o 2s—1
B 10(s2 — i2) C10(s2+ 1) B(s241)°

BamecTBaMe 0OpaTHO B ypaBHEHHUETO 3a k:

1 1 2s —1

= ——
25 10(s — 2) N 5(s2+1)’
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. _i+ 1 N 2s B 1
25 10(s—2)  5(s2+1) B(s2+1)
k:_11+i ! —i—2 SRR :
2s 10s—2 b5s2+1 5s2+1
Bmxkame, de:
P R L S R IR

[Ipurarame obparna rpancdopmarus Ha Jlanaac 3a Beako oT chbOupaemure:

1 1 2 1
y=—3 n Eezt + = cos(t) — 58111(1?).

N toBa e perenuneTo Ha 3aj1avara.
Ceza we pewum 3a0a4ama no HOPMAAHUA HAYUNH: YPE3 CNEYUAAHA OACHA YACTN.
Cwmensive z Ha t, TOraBa 3ajadara e:

v +y =", y(0) =y/(0) = y'(0) =0.

XOMOTeHHOTO YpaBHEHHE €:

XapaKTEepUCTUIHOTO MY ypaBHEHHE €:

B tk=0=k(k*+1)=0=k; =0, kyz = +i.

KopeHuTe Ha XOMOI€HHOTO ypabHeHHe ca: y; = €’ yy = e cos(x), y3 = ¢

Pemrernero Ha XOMOreHHOTO ypaBHEHUE €:

0% gin(x).
y(x) = 1 + ¢y cos(x) + cssin(x).
DopmysaTa 3a CHENUaIHa JIFCHA TACT:
n(x) = '[P, (z) cos(fx) + Qn(x) sin(Sz)].

Hamrara nscua gact e:
e** = e*[1 cos(0x) + 1sin(0z)],

KOpeHHnTe Ha JisicHaTa JacT ca: [ = a+iff = 240i = 2. Bk game, ge k # [, ToBa o3HagaBa
e HsiMa KPaTHU KOPEHU MeK,Iy XOMOTeHHOTO ypaBHEHUE U JigcHaTa JacT, Torasa it = 0.
Mmame KOHCTAHTH IPEJ] CHHYCa U KOCHHYCa B JisicHaTa dact, Toraa P, (x) = Py(z) =

A, Qu(z) = Qo(x) = B. BamectBame B 1(x):
n(x) = 2°e**[Acos(0x) + Bsin(0z)] = Ae*.
Jndepenimpame Tpu IbTH:

0 (z) = 24e**, n'(x) = 44e*, 1" (z) = 8Ae*.
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BamecTBame B audepeHmaanoTo ypaspuenne, karo y” — 0" ny — '

1
A +24e** =¥ — 10A=1=—= A= —.

10
BamecrBame B 7)(7):
1 2z
Xr)—=— —€.
() = 15
Chbupame pereHneTo Ha XOMOI€HHOTO YPABHEHHE U PEIIeHNeTO Ha JIFICHATA JaCT:
1
y(r) = ¢; + o cos(x) + czsin(x) + Ee%,

Nsro3BamMe HyJ/IeBUTE HAYAJHU YCJIOBUS 34 Jla HAMEPUM KOHCTAHTUTE, JudepeHIimpamMe

JIBa ['HTH:
2
y'(x) = —cosin(x) + c3 cos(x) + 1—06%,

y"(x) = —cycos(x) — cysin(x) + Eeh.

Torasa:

1 1
y(0) = ¢1 + ¢z cos(0) + ¢38in(0) + Eeo =c;+ e+ 0’
1 1
y'(0) = —cy8in(0) + ¢3 cos(0) + geo =c3+ =
wiey B ) 245 _ 2
y"(0) = —cycos(0) — ¢3sin(0) + £€ = C + v

[IpupaBusaBamMe Ha Hysa:

+ —i—l—O —i—l—O —|—2—0
C1 T Co 10—’03 5T Ca 5V

[TomyaaBame:

3amecTBaMe B PEIIeHUeTO:

1 2 1
y(x) = ~5 + R cos(z) — 5 sin(x) + —e

Cwmensime oOpaTHO x Ha t:

1 2 1 1
t) = —= + Zcos(t) — = sin(t) + —e*.
y(t) = — + = cos(t) — 3 sin(t) + —oe
Koeto e ekBuBasienTHO Ha mpeaunraug orroBop. Kpaii na 3ajgadara. O

3adavwa 5. C nomorra Ha oneparopa Ha Jlammac perrere:

t
l=a2"—x +/ sin(t — 7)x(r)dr, x(0) =0, t > 0.
0
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Pewenue. VlaTerpasrbT e KOHBOIONMS Ha JBe (DYHKIWN, KOUTO ca sin(t) n z(t). Home-
dunMpame 3ajavara:

1=2a'(t) — x(t) + /Ot sin(t — 7)z(r)dr, (0) =0, ¢t > 0.

Tasu 3adava owe A uma Kamo:

t
y/ —y +/ sin(t — T)y(T)dT =1, y(()) =0, t>0,
0
kamo y = y(t). Camo bykeama e cmenena, eK6UBAAEHMHO € Ha Hawama. B mosu cayuat

cmename Yy na f.
Cwmensime x Ha f, TOBa HAMA JIa TPOMEHU 3a/la49aTa:

t
L= (1) — £(2) +/ sin(t —7)f(r)dr, f(0)=0, ¢ > 0.
0
Heka L[f(t)] = k. ToraBa npmiaraitku nadannoro ycaosue f(0) = 0, moaydaBame:

LIf ()] = sk — £(0) = sk.

3a ocranauTe ChLOMpPaEMU:

1 t k
Llll=-, L {/0 sin(t — T)f(T)dT:| = L[cos(t) x f(t)] = oy
SamecTBame: . .
- =sk—k )
s TEr
OrnstBo camo k, IpyroTo OTISICHO:
1 1 2+1) = (s +1) +1
_:k S—1+ :>_:k8<8+) <S+)+ ’
s 5241 s 241
1 3 +s—852—-1+1 1 s(s*> —s+1)
g 1 7
S 241 g s2 41
k= 52 +1 b — 52 1
Cs(s2—s+ 1) $2(2—s+1) 2(s2—s+1)

82—84‘1—'_82(82—84—1).

Kopenure Ha nomHoma s? — s + 1 ca:

1+iV3 1—iV3

2 , R2 =

21 =



Bucma Maremartuka 11 4 Yersbpra TEMa

20

N3zuncigaBame, de zy — 2o = 1V/ 3, KAKTO U 29 — 21 = —iv/3. Cop11o Taka:

L+iv31—iv3 _1-i*8 143
2 2 4 4 7

2
(2)2_<1+@'\/§> C142iV3-3  —242iV3 V31
) = _ _ _

Z1%2 =

2 4 4 2

o [1-4V3 2_1—2@‘\/5—3_—2—2@'\/3_—@'\/3—1
()= 73 T4 T T T T

Paznaranero na ngasata dyHKIud €:

1 A B
+

(s—z21)(s—2) s—2z1 S—2zy
[TpuBexk tame 101 001 3HAMEHATE:
1 =A(s—23) + B(s — z1).

3amecTBaMe ¢ KOpEHUTE:

1
s=z:1=A(z1—2) = 1=AiV3=—= A= —,
1 (21 — 22) 3
1 (—iV3) i3
= — iA:——’
iv/3 (—iv/3) 3
. 1
S:ZQ:1:B(z2_21):1:—B2\/§:B:—m7

iv/3 (—iv/3) 3

Pazsaranero e:

1 =3 N iv3
(s —21)(s—2) 3(s—2z1) 3(s—2)
Cera TpsibBa Jia pa3jioKuM JisicHaTa (DYHKITHS:
1 A B C D
s2(s—2)(s—z) s 82 s—2z S—2

[IpuBexktame 1o/ 001 3HAMEHATE:
1= As(s —21)(s — 22) + B(s — 21)(5 — ) + O8*(s — z) + Ds*(s — z1).
3amMecTBaMe ¢ KopeHuTe. 3armouBame ¢ s = 0:

1:B(O—Zl)<0—22):>1232122:>le.
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Cera ¢ s = z:

_3 _
1= 0(21)2(21 — 22) = 1= Z\/_ Z\/_ 22\/_
—2 3—iV3 —2(3 — iV/3) iv/3 — 3
3+iv33 —1iv3 3+9 6
Cera u ¢ s = zy. lIle moyunM KOMILIEKCHO CIIperHaToTo ducao Ha C'-
—1v3—1 —3+1V3

-2 3+iV3 —2(3 +1iV/3) —iv3 -3
3—ivV33+iV3 3+9 6

Kopenute ca mzdepnann. 3amectBame ¢ s = 1:

1=A1—21)(1 —29)+ B(1 —21)(1 — 23) + C(1 — 29) + D(1 — 1),

1=A1—-2)1—=2)+ 1 —2)(1—2)+ 5

Hamam pymu. Heka ma Buaum ToBa:

1+ivV3 2-1-iV/3 1-iV3

1—2=1— — =
1 2 2 2
1_2_1_1—i\/§_2—1+@'\/§_1+i\/§
> 2 2 -2
1—iv31+iV3
(]_ — 21)(1 — 22) = 9 5 = 2921 = 1.

Cera Bede 3aMecTBaME:

ivV3—31+ivV3 —iv/3—-31—-1iV3

1=A+1
T 5 T 6 2
0:A+Z\/§+Z3 3 32\/§+ i3+ %3 3+3@¢§’

12 12

—2i — 2 —

0=A+ i3 L i3 6

12 12
0:A+_Z\/§_3+2\/§6_37

0:A+%6:>A:1.

Pazaranero e:

1 1 1 iW3—-3 —iv/3-3

2(s—z)(s—2z) s 2 6(s—z) 6(s—z)
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Cera cbbOupame BCUYKO, KO ycCIleeM Jla HAMEePUM HellaTa;

-1V 3 N 3 1 1 V3—=3  —1v3—=3
V8 W3 1 1 W3-3  —ivS ,
3(s—2z) 3(s—z) s s 6(s—z1) 6(s—z)
11, —iv3-3  iV/3-3
k=-+— :
s s 6(s—=z) 6(s—29)
He moxkem na mpuBejieM 1oJ| 001 3HAMEHATEJI, 3alll0TO He 3HaeM TpaHcdopMarus or
1/(s* — s+ 1) (maxe He 3HaM Jaau UMa TakKapa). JallMCBaMe TaKa:
1.1 —iv3-3 1 N iV3-3 1

k==+=+ :
s 52 6 s— 6 s— 2

k:

Bumxkname, ge:

1 1
, L[e*'] =

e 5 — 29

Ll = 5, e =

DR
52

[Ipunarame obparna Tpancdopmalus Ha Jlamnaac 3a Besako oT chbbOupaeMure:

—iv3—3 V3 —3
fO)=1+t+ —iV3-3 et + i3 -3 e
6 6
SamecTBaMe OOpPATHO 21 U Zo:

—iv/3 -3
exp

) =14t +—

2 6 2

1+z\/§t] +N§—3exp[1—N§t]‘

Tt KaTo:

exp

1 +2i\/§t] = exp [%t] - exp [%gt] B et/Q[COS(t\/g/z) +iSin(t\/§/2)]’

exp [1 _Zi\/gt] = exp Bt] - exp [_ig/gt] = ¢"*[cos(1V/3/2) — isin(tv/3/2)],

MO2KEM J[a Pa3IIHIIIEeM:

ft)=1+t+e"? ;

<_§ — %) [cos(tV/3/2) + isin(tv/3/2)]+

+ <_2 + %§> [cos(tV/3/2) — isin(tV/3/2)] | .

Heka ga moryiemneM caMo B TOJIEMHUTE CKOOM:

_% cos(tV/3/2) — %sin(t\/g/2) - % cos(tv/3/2) — @'225/3 sin(tv/3/2)—

—% cos(tV/3/2) + %sin(tﬁ/?) + % cos(tV/3/2) — izé/g sin(tv/3/2).
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OcraBa camo:

—2% cos(tv/3/2) + 2\%3 sin(tv/3/2) = — cos(tv/3/2) + ? sin(tv/3/2).

SamecTBamMe 0OpaTHO:
t/2 \/§ .
fo)y=1+t+e —cos(t\/§/2)+?sm(t\/§/2) :
Kpaitausar pesynarar e:

3
f(t) =1+t —e?cos(tvV3/2) + getﬂ sin(tv/3/2).
U ToBa e pereHueTo Ha 3ajadara. O

3adawa 1. Pazsuiite B pen va Oypue no cunycn QyHKIAATA:

f(x)—{x’ 0<z <,

1, 1<ax<3.

Pewenue. I'padukara Ha GyHKIUITA.

3 4

-1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

3a 1a pazBueM (QYHKIHATA 110 CHHYCH TpsiOBa Ja s 10/edpuHrpamMe KaTo HeueTHa (yH-
Kiust B uHTepBasia [—3, 3]. Heuernure dyHKIMM ca OrieJaaHu CIpsaMo KOOPIMHATHOTO
HAJaJI0, TOraBa cjeaHara MyHKIWs 61 TpAbBaIo Ja e orieganna cupsmo f(z):

Fla) = {—1, 3<a< -1,

x, -1 <x<0.



Bucma Maremartuka 11 4 Yersbpra Tema 54

Heka ma mpoepum:

Torasa ToBa e Harmara JomrbjaBaia GyHKIMs. 3anucsaMe HoBa GyHKIus F(x), HeYeTHA
B nHTepBasa [—3, 3):

-1, z€e[-3,-1],
Flz)=<z, ze€[-1,1],
1, =xe€ll,3.

Bamucsame: | = [3 — (—3)]/2 = 3. Ilepuoguano npogbikenue: F(z +6) = F(x).

1 1 1

-10 -5 0 5 10 15

[Ipu paszButne 1o cunycu ag = 0 u a,, = 0. U3unciagsame camo b,, KaTo ciegHara
dopMyIa Baxku camMo 3a HeUYeTHU (DYyHKIINH:

bn:%/g F(x)sin(%)da::g/ogF(x)sin<$>dx.

3

Ho f(z) e nedunupana B uarepsana [0, 3]:

b, = ;/03 f(zx)sin (?) dzx.

Oyukrusita f(r) e Heobxoauma 3a JedUHUNUATA HA HeIeTHATA (DYHKIIUS U T€PUOTIHO-
TO Ipo/biKeHne. Hsma HyzKia Jja mpecMsiTaMe HHTerpaJt oT Hes, camo 3a f(x). Torasa:

bnzgl/olxsin(ngﬂ> dx+/13$in(?> dx]
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Heka ma mpecMerneM IbpBUSA UHTETPAL:

1

1
I :/ Z sin <@> dm:—i xd cos <@> =
0 3 nm Jo 3

37 nmwx\ |1 /1 nwx
= —— | xcos (—) — coS (—) de| =
L 0 0 3

3
= _3 :cos <E> — 0cos(0) — % sin (@> )1] =

3 /lo
[ () () - ) -
5)

3 . <n7r>]
— —sin(—]]|.
nmw 3

Cera u BTOpHUsI HHTErpAJI:

3 3
I, = / sin (_mrx) dr = i sin <_n7rx> d <_n7rx) =
1 3 nmw Jq1 3 3

= —i cos <@) ’ = —i [cos(mr) — coS (%)} = —i [(—1)” — cos (%)} )

nmw 3 1 nmw nmw

Uskapsame —3/(nm) upej ckobu u 3a b, HosydaBaMe:
2 3 3
bp=-—— |cos (n_7r> — —sin (n_7r> +(=1)" — cos (n_7r> =
3 nmw 3 nm 3 3
2 3 nmw 2 13 nmw
— = = Zsin () + (-1 = = | sin (5) - (<1
mr[ mrsm<3>+( )} mr{mrsm 3 ( )]
PasButuero na ¢yuxmugara B pej Ha Oypue 1Mo CUHYCH:

P = 235 [ () e (7).



5 Ilera Tema

— —
3adaua 1. Hamepere mupKy/amusaTa Ha BEKTOPHOTO IOJIE ?(I,y, z) =3z1 +brj —

%
2y k , IO TIOJIOXKHUTEIHO OpUEeHTUpaHaTa ejurca ', mosydena npu mpecuyaneTo Ha paB-
HUHATa z = Y + 3 ¢ mumHIbpa x2 +y? = 1.

3adawa 2. Hamepere xosmomopdua dyukius f(2), KOSITO YIOBOJIETBOPSIBA YCJIOBUETO
f(1) = 0 u peasnara 9act Ha KOSTO € (DYHKIUATA

X

—_— — 2.
I2+y2 Y

u(r,y) =

3adaua 3. Ilpecmernere nnTerpasa:
/ dz
22(z—2)
|z|=3

3adava 4. Periere unrerpaaHoTo ypaBHEHHUE:

flt)y=e"+ /0 f(r)sin(t — 7)dr.

3adaua 5. XBbpis ce 3ap 4 mbru. Hamepere BeposiTHOCTTA!
a) 5 TOYKM Jia ca ce MaJHaId TOYHO 2 II'bTH,
6) 5 TOUKH Jla ca ce NaJHAJM TIOHE €JIH II'bT.

3adava 6. Cnaydaitnata BequdnHa X € 3a/a/eHa C pejia CH Ha paslpejie/ieHne:

X| 10 [25] 30 |60
P |0,35]2a]0,15| 3a

Jla ce HaMepu mapaMeTbpbT a, MareMaTudeckoTo ovakBane F X, mucnepcuara DX u
CPEIHOKBAIPATUIHOTO OTKJIOHEHUE 0.

Beaka 3a1a4a e mo 10 Toukn.
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3adava 4. Perere unTerpagHoTO ypaBHEHHUE:

fit)y=e"+ /0 f(7)sin(t — 7)dr.

Pewenrue. Tlpunarame Tpanchopmarus Ha Jlariac 3a BCIKO 0T chOMpaeMuTe:

t k
L] =k, 2] = =g L] [ £ sinte = riar] = Lisine) « 50 = g
3aMecTBaMe: o i
s+1 + 241

OrisiBo camo k, APyroTo OT/ASICHO:

1 1 s24+1-1 1
k(1-— = — k — :
( 32—{—1) s+1 s2+1 s+1
s 1 s2+1 1 1
s2+1 s+1 s2(s+1) 5+1+s2(5+1)
TpsabBa ja paznoxkuMm pyHKIuATa B/sicHo. Kopenute Ha mojJnHOMA 82(3 + 1) caOum —1.

Pazyaranero Ha cyma oT eleMeHTapHH JIpo0u €:

1 A B _C

s2(s+1) s+s2+5+1'

[TpuBexktame 1o 001 3HAMEHATE:
1=As(s+ 1)+ B(s+ 1)+ Cs*
3amecTBaMe ¢ KOPEHUTE:

s=0:1=0+B+0= B =1,
s=—=1:1=040+C=C =1,
s=1:1=2A42B+(C=1=2A+424+1= A= —1.

Pazaranero e:
1 B 1 1 1

-~ ="+ 5+ —.
s2(s+1) s 82 s+1
BamecTBaMe 0OpaTHO B ypaBHEHHUETO 3a k:

1 1 1 1 B 1 1+1
S s+1 s 82 s+1 S Ts+1 s s
Bmxkname, de:
1 1 1
Lif(t)] =k, Lle7"] = L] =~, L] = .
SO =k, Lle) = — =, LI = 5, Ll =

[Ipunarame obparna Tpanchopmalmsa Ha Jlanmac 3a Besako oT ¢chbOupaeMure:
ft)=2e"" -1+t

N Tosa e perieHuero Ha 3ajadara. L]



6 Illecra Tema

3adava 1. aneHo e BEKTOPHOTO I0JIE ?(m, y,z) = ?(ny +3z, y—y?, —dzy—2). la

Ce yCTaHOBU Ja. I € COJICHOMJIAJIHO.

3adava 2. la ce mamepn anamurnanara dyukuus f(z) = u(z,y) + iv(z, y), 38 KOATO €
nageno: v(x,y) = 6xy + 2y, f(0) = 1.

3adava 3. [a ce npecmerHe HHTErPaIbT
3z
e
———dz,
/ 22(22+ 1)
r

KbJIETO KpruBaTa I |Z — Z| = \/g € OllMCaHa €IHOKPATHO B IIOJIOZKHUTEJIHA IIOCOKA.

"
TxT?

3adava 4. a ce namepu pemennero u(x,t) Ha ypaBHeHneTo ujy, = 9u ., aKo
u(z,0) = 2¢*, uj(x,0) = 242

3adava 5. Upes rpanchopmaruara Ha Jlamnac ga ce peru 3aadara Ha Ko
y" — 9y = 6e*, y(0) =/(0) = 3.

3adava 6. Cnyuaitnata BesmanHa X e 3aj@/eHa ¢ pejia CH Ha pasipeeseHue:

X |10 [20] 30 | 40 | 50
P10,2|a|0,3[0,1]3a

Ha ce HaMepu mmapaMeTbpbT a, MaTeMaTH4ecKoTo odakBaHe F X, nucnepcusra DX u
CPEJIHOKBAIPATUIHOTO OTK/IOHEHUE 0.

Besika 3agada e mo 10 Toukmn.
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3adava 5. Upes rpanchopmarusra Ha Jlammac ga ce pern 3agadara Ha Ko
y" — 9y = 6e*, y(0) = y'(0) = 3.

Pewenue. Heka 3a dynkuusra y = y(t) tpancopmarusita e Lly] = k. Torasa, npuia-
rajfiku Ha4aJIHUTE yCJIOBUS:

L") = s’k — sf(0) — f'(0) = s*k — 3s — 3.
HpmﬂaFaMe TpaHC(bOpMaHI/IH Ha ﬂarmac 3a BCAKO OT C”b6I/IpaeMI/ITeZ

1
s’k —3s—3 -9k =6——.
s —2

Basio TpsibBa 1a ocrane camo k:

6 6+3s>—6s+35s—6
k:(s2—9):—2+3s+3:>k(32—9): o8 ST 08 ,
S_

s—2
3s% — 3s 3s(s — 1)
k= k= .
G-2(2-9) " (5-2)(5-3)(s+3)
Pasarame Ha cyMa OT eJIeMeHTapHH JIpo0u:
3s(s —1) A B C

(s—2)(s—3)(s—|—3):s—2+s—3+5+3'

[Tpusexk ame 1o 001 3HAMEHATET:
3s(s —1)=A(s—=3)(s+3)+ B(s —2)(s+3)+ C(s —2)(s — 3).
SamecTBaMe ¢ KOpEHUTE:
322:6:—5A+O+0:>A:—§,
§s=3:18=0+6B+0=— B =3,
3:—3:36:O+0+SOC:>C:§.

Pazmaranero e:

3s5(s — 1) 61 ,, 1 61
(s —2)(s—3)(s+3) 5s—2 s—3 5s+3

SamMecTBaMe 0OpaTHO B ypaBHEHUETO 3a k:

. 6 1 3 1 +6 1
 Hs—2 s—3 5s+3

Buxgame, we:

Lly| =k, Lle*) = —
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[Ipunarame obparna Tpancdopmalms Ha Jlanmac 3a Beako oT chbOupaeMure:
6 o 3, 6 g
= ——e” +3e” + —e .
Y=75 5

1 ToBa e perreHneTo Ha 3ajadara.
Ceza wie pewum 3a0a4ama no HOPMAAHUL HAYUH: YPE3 CNEYUGAHE OACHE 4ACM.
Cwmensime x Ha t, ToraBa 3ajadaTa €:

y" =9y = 6e*, y(0) =y'(0) = 3.
XOMOI'€HHOTO ypaBHEHUE €:
y" =9y =0,
XapaKTEePUCTUIHOTO MYy ypaBHEHUE €:
B —9=0=k>=9= ko= +3.

Kopenure Ha XOMOTeHHOTO ypaBHeHHe ca: 4, = €%, ¢y = e °¢. PellleHneTo Ha XOMOI'eH-

HOTO ypaBHEHUE €:

y(x) = c1e™ + o™

q)OpMYJIaTa 3a ClieraJiHa JdCHa 9acCT:

() = "™ [P (x) cos(fx) + Qu(z) sin(fz)].

Hamara ngcua gacr e:
6e** = e**[6 cos(0x) + 6sin(02)],

KOpEeHHUTe Ha JisicHaTa JacT ca: [ = a+iff = 240i = 2. Bk game, ge k # [, ToBa 03Ha9aBa
e HsiMa KPaTHU KOPEHU MeK/Iy XOMOT€HHOTO ypaBHEHUE U JigcHaTa JacT, Torasa it = (.
Mmame KOHCTAHTH TIPeJ] CUHYCa M KOCHHYCA B JIsiICHATA 9acT, Torasa b, (xr) = Py(x) =

A, Qn(x) = Qo(z) = B. BamectBame B 1(x):
n(x) = 2°e**[A cos(0x) + Bsin(0z)] = Ae*.
Hudepennupame npa IbTH:
0 (z) = 24e*, 1 (z) = 4Ae*.
BamecTBame B JudepeHImajaHoTo ypapuenue, karo vy’ — n” ny — n:
4Ae* —9A* = 6e* = —5FA=6=—= A= —g.

BamecTtBame B 7)(x):

6
2x
n(x) = ——e*.
( )
Cobupame penieHneTo Ha XOMOI€HHOTO YPABHEHUE W PEIIEHUETO Ha JIsICHATA JaCT:
3x —3z 6 2z
y(x) = c1e” + e — —e™".

5
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WsnosBaMe HaYaIHATE YCIOBUS 32 J1a HAMEPHM KOHCTAHTHTE, AudepeHIupaMe:
12
Y () = 31 — 3cpe™ " — Eeh.
Toraga: 6
y(0) = c1e” + cpe” — 560 =c+cp— =
12 12
¥/ (0) = 3cie” — 3cge” — geo =3c; — 3¢y — =
[IpupaBHsiBaMe Ha TpU:
6 21
Cl+C2—g:3:>01+C2:€7
1 27 9
3ci —3cc— — =3=—=3¢c; —3ca = — — ] —Ccy = —.
5 5 5
Cbbupame jBeTe ypaBHEHHS 3a Jia HAMEPUM C1, IIOCJIe ' U3BaKiaMe 3a Co:
30 12 6
200 =— =1 =3, 200=— = cy = —.
1 5 1 2= 5 2= 5
3amecTBaMe B PeIreHneTo:
6 6
) = 36390 + _6—390 o _62$‘
y(x) E E
Cwmensime oOpaTHO x Ha t:
6 6
t) = 3e3t + —e73 — Z%,
y(t) = 3
Koeto e ekBuBajieHTHO Ha Ipe ulllHUsS OTTOBOP. Kpail Ha 3a1a4daTa. ]



7 CeamMma TeMa
? - —
Badaua 1. Hamepere paborarta na sekropuoro nose F(x,y) = (x+vy)i + (y —x) J,
M3BbPIINEHA 32 MPEMeCTBaHe Ha MATepPUAHA TOUKA B MOJOKUTEIHA MOCOKA 110 KPHBATA
C ypaBHeHHUe
2 2
Zz )
¥+b—2:1, (1,>07 b>0

3adaua 2. Hamepere xomomopdua dyukiusa f(z), KOATO yIOBOJIETBOPsIBA YCJIOBHETO

f(1) = 0 u peaynaTa yact Ha KoaTo e pyHKImATa u(r,y) = r* — 3Ty

3adaya 3. Ilpecmernere nnrerpasa:

/ Z<Ze—_zz)2dz.

|2|=3

3adaua 4. Ypes TpanchopmarusaTa Ha Jlammac pemrere audepeHINATHOTO ypaBHEHHIE
[IpU JIa/IEHNTe HAYAJTHE yCJIOBUS:

y" + 4y = cos(3t), y(0) =y'(0) = 2.

3adava 5. Janenn ca Tpu Hempo3padHu ypHU. B mbpBaTta mma 5 6esi u 4 9epHM TOTIKH,
BbB BropaTa uma 6 6ejin 1 3 YepHU TOIKH, a TpeTaTa e pa3Ha. Tpera ypHa e cBbp3aHa ¢
I'bpPBa 1 BTOpa ¢ Henpospadnu yien. OT rbpBa 1 BTopa ypHAa 10 CIydaeH HAduH IT0Iala
[0 eJIHa TOIKA B TPeTa ypHA 10 ¢boTBeTHUSA yieit. Ciie/r TOBa OT Tpera ypHa Ce Terjm
€JIHa TOIIKA.

a) Hamepere BeposiTHOCTTa M3TErjieHaTa TOIKa OT TpeTa ypHa ja e Osia.

6) AKO e U3BECTHO, Ye U3TerjaeHaTa OT TpeTa ypHa TOIKa e Osijia, KAKBa € BEPOSITHOCTTA,
OT I'bpBa W BTOpPA Jia ca IOMaHaIl ChOTBETHO O€JIM TOIKUA B TpeTa’

3adaua 6. 3a mUCKpeTHa HENpeKbCHATA CIIydaiiHa BeJMYIWHA 3aJaJeHa C pell Ha pasil-
peJleieHue:

X|[-1]1]2]4
P‘ c ‘20‘20‘0

Jla ce HaMepsdaT MaTeMaThdeckKoro odakBane KX n gucnepcugara DX.

Besika 3agada e mo 10 Toukmn.
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3adava 4. Upes tpanchopmanusita Ha Jlammac perere andepeHIIaIHOTO YpaBHEHHE
Ipu JaJeHUTEC HadaJ/JTH YCJIOBUA:

y" + 4y = cos(3t), y(0) =y (0) = 2.

Pewenue. Heka 3a dynkuugra y = y(t) rpancdopmanugra e Lly|] = k. Torasa, npuia-
raiilKi Ha4aJIHUTE YCJIOBUSA:

L[y"] = s*k — sf(0) — f'(0) = s%k — 25 — 2.

[Ipunarame Tpancdopmarus Ha Jlammac 3a BCIKO OT chOUpaemMure:

S

2
k—2s—2+4k = .
S S + 219

Bagso TpabBa j1a ocrane camo k:

s+ 253 + 18s + 252 + 18

S
k(s®+4) = 2+ 92 —= k(s +4) =
(s"+4) s2+9+8Jr (s"+4) 249 ’
_2$3+2$2+198+18:k_ 253 + 252 +19s + 18
(24 4)(s249) (5 —2i)(s 4+ 2i)(s — 3i)(s + 3i)°
Paznarame na cyma ot eleMeHTapHU JIpPOOU:
253 4 252 + 195 + 18 A B C D

(5= 2)(5+2)(5s—30)(s+31) s5—2 " st+2i s—3i s+3i
[IpuBexktame 1o/ oOIIT 3HAMEHATE:

25% + 252 + 195 + 18 = A(s + 2i)(s — 3i)(s + 3i) + B(s — 2i)(s — 3i)(s + 3i)+
+ C(s —2i)(s+ 2i)(s + 31) + D(s — 21)(s + 24)(s — 31).

3amecTBaMe ¢ KOPEHUTE:

§ =2t —16i — 8+ 38i + 18 = 204i = 22 + 10 = 204i = 117 + 5 = 10Ai,
114 +5—i 118 — 5 11— 5i
A= LN L N
0 —i 102 0
6= —2:16i—8 — 38 + 18 = —20Bi —> —22i + 10 = —20Bi —> 11i — 5 = 10Bi,

._ _. _ .2 . .
lelz 5—1 B 112 + 52 B_11+5z

—
102 —1 —10:2 10
1

S:3i:—54i—18+572'—|—18:—300i:>37j:—30C’i=>C’:—E,
1
52—32':54i—18—57i+18:30Di:>—32’:30D2’:>D:—1—0.

Pazmaranero e:

2% +2s +19s+18 11-5 1 1145 1 1 1 1 1

(s — 2i)(s + 2i)(s — 3)(s + 30) 10 s—2i 10 s+2 105—3 10s+3i
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[TpuBexk tame 1o 001 3HAMEHATE 10 JTBONKH:

11—5 1 11+5 1 11 11 ]

0 s—2i 10 s+2i] {_Es—&'—l—om a
(11 =50)(s+2i) + (11 +5i)(s — 20)  —(s+3i) — (s —3i)
B 10(s — 24)(s + 24) 10(s — 3i)(s + 3i)
 11s+22i — 5si — 10> + 11s — 220 + 5si — 102 —s—3i—s+3i _
B 10(s2 + 4) * 10(s? +9)

22s 4+ 20 —2s ~ 11s+10 S

0 +4) 10249 5244 5219)

BamecTBaMe 0OpaTHO B ypaBHEHHUETO 3a k:

_113+10 S :>k—11 S 4 10 1 s
© 5(s24+4)  5(s2+09) 58244 5(s2+4) 55249
11 s 2 1 s

352+4+ $2+4 55249
Buxname, yve:

S

Lly] = k, Lcos(2t)] = 219

Llsin(2t)] = Licos(3t)] =

s
s2 44’ 5244’

[Tpunarame obparaa Tpancdopmanus Ha Jlamiac 3a BCIKo 0T chbOMpaeMure:
11 ) 1
y= cos(2t) + sin(2t) — & cos(3t).

U toBa e pemennueTo Ha 3aJga4daTa.
Ceza we pewum 3adavwama no HOPMAAHUA HAYUH. YPE3 CNEUUANHA dacna wacm. Cme-
HeAME I Ha t, TOraBa 3aJdadaTa €:

y" + 4y = cos(3zx), y(0) =y (0) = 2.

XOMOFGHHOTO ypaBHeHI/Ie e.
y' +4y =0,

XapaKTEePUCTUIHOTO MYy ypaBHEHUE €:
P 4d=0= k= 4= ko= +2i.

KopeHuTe Ha XOMOreHHOTO ypasHeHue ca: y; = €% cos(2z), y2 = €% sin(2x). Pemennero
HA XOMOTE€HHOTO YpaBHEHHE €:

y(x) = ¢y cos(2z) + cosin(2z).
®opmysiaTa 3a CHENUaIHA JFCHA TACT:

() = e [P (x) cos(fz) + Qu(z) sin(fz)].
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Hamara gscua gact e:
cos(3x) = e"*[1 cos(3x) + 0sin(3z)],

KOpeHHuTe Ha JgcHara 4dact ca: | = a + i = 0+ 3i = 3i. Buxgame, e k # [, ToBa
O3HaYaBa Y€ HsMa KPATHU KOPEHU MEXKJIy XOMOI'CHHOTO ypaBHEHHE W JIsgCHATa YacT,
Torasa it = 0.

Imanme KOHCTAHTH MpeJ] CUHYCa U KOCHHYCa B JIFCHATa Jact, Toraa P, (z) = Py(x) =

A, Qu(z) = Qo(z) = B. BamectBame B 1(x):
n(x) = 2°e"[A cos(3x) + Bsin(3z)] = Acos(3z) + Bsin(3x).
Hudepeniiupame j1Ba II'bTH:
n'(xz) = —3Asin(3z) + 3B cos(3x), n"(z) = —9A cos(3z) — 9B sin(3x).
BamecTBame B JudepeHaj noTo ypasuenne, karo vy’ — n” uy — n:

—9A cos(3z) — 9Bsin(3x) + 4A cos(3z) + 4B sin(3x) = cos(3x),

—5A=1, —5B:0:>A:—é, B=0.
Bamecrsame B 7)(z):
n(zr) = —% cos(3x).
Cobupame pereHneTo Ha XOMOTEHHOTO yPAaBHEHHE M PElIeHUeTo Ha JIFCHATA JacT:
y(x) = 1 cos(2x) + co8in(2z) — %cos(?)x).
Usnoa3BaMe HaUaJIHUTE YCIOBU 38 Jla HAMEPUM KOHCTAHTUTE, JudepeHiupame:
y'(x) = —2¢ sin(22) + 2¢5 cos(2x) + %sin(i%a:).
Torasa npupaBHsBaMe Ha JIBE:
y(0)201+0—%:2:>01:%,

y(0)=04+2c0+0=2= ¢ =1.

3amecTBaMe B PeIeHneTo:
11 ) 1
y(xr) = 5 cos(2x) + sin(2z) — R cos(3x).
Cwmensime oOpaTHO = Ha t:
11 ) 1
y(t) = 5 cos(2t) + sin(2t) — R cos(3t).

Koeto e ekBuBaieHTHO Ha TIpeUITHAA OTTOBOp. Kpail Ha 3a/1a4ara. O



8 Ocma Tema

3adaua 1. da ce namepu anamuruana dbyskiys f(z) npu yeaosus f(1) =6 u

2x

u(z,y) =Rf(z) = o

3adava 2. [a ce npecMmeTHe MHTErPAIbT:
1+e¢?
———dz.
% 2(22 —10)? :
C
kbgero C: |z + 1 —i| =12

3adaua 3. [a ce passue B pes na Oypue hyHKIHATA:

f($):{1, 0<z<I1,

2—x, 1<zx<2,
upu yesosue f(—x) = — f(x), Toect mo cumrycn.
3adaua 4. Ha ce pemn cucremara 0OOMKHOBEHN TUDEPEHITNAHNA yPABHEHUS:

:c”—l—:c’+y”—y:et

¥+2r—y +y=et

upu ciaennure yeaosust: £(0) = y(0) = ¢/(0) =0, 2/(0) = 1.

3adaua 5. a ce mokaxke, ge ako ciaydaitHure cbouTtus A u B ca He3aBUCHMU U ChbBMeC-
tumH, T0 e n3nbianeno P(AU B) =1 — P(A)P(B).

3adava 6. IlrbTHOCTTA HA BEPOATHOCTUTE Ha CIydailHa BeJIMYUHA €:

f(z) = {CLCOSQ(@’ lz| < /2,

0, |z| > /2.

a) [a ce omnpeesnn napaMerbpa d.
6) Ha ce mamepu BepositaocTTa P2 > m/4).

Besika 3amga4ga e mo 10 Toukm.
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3adava 3. [a ce pazsue B pexn na Oypue hyHKInATA:

-

upu yeaosue f(—z) = —f(x), Toect mo cumycn.

1, 0<x <1,

2—z, 1<z<2,

Pewenrue. I'padukara Ha GyHKIUITA.

3 3

-1 0 1 2 3 4 -3 -2 -1 0 1 2 3

3a j1a pa3BueM (QYHKIUATA 10 CHHYCH TPAOBa J1a 5 jlojedruHIpaMe KaTo HedeTHa pyH-
Kius B unTepBaia [—2,2]. Heuernure hyHKIMU ca ONIeJAIHU CIIPAMO KOOPIUHATHOTO
HAYaJI0, TOraBa cjejHara pyHKIus 61 TpadbBaJio ja e oryegajita cupsamo f(x):

~ —2—z, —2<z< -1,
-1, —1<z<0.

Heka ma npoepum:

flew) = =2 (-) = =2+ = (2 - 2) = —f(2),

f(=x) = =1 =—f(x).
Torasa ToBa e Hammara JombaBaiia GyHKIMs. 3anucsaMe HoBa GyHKIums F'(x), HeYeTHA
B uHTepBasa [—2,2[:
—2—x, z€[-2-1],

[
)1, x € [—1,0],
Fa)=4, ze[0,1],
2—z, ze€]l,2].

Bamucsame: | = [2 — (—2)]/2 = 2. [lepuoguano npogbmkenne: F(x +4) = F(x).
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4 1 1 1 1 1 1
-6 -4 -2 0 2 4 6 8 10

[Ipu passutne no cunycu ay = 0 u a, = 0. U3uncagsame camo b,,, Karo ciegHara
dopmysia Baxku caMo 3a HeYeTHU (PYHKIIUU:

bn:%/_ZF(:E)sin(?)dx:g/:F(x)sin<?)dx.

Ho f(z) e nedunupana B uarepsana [0, 2]:

b, = /02 f(z)sin (%) dx.

Oynknusra f(z) e HeobxonnMa 3a TedUHATIATA Ha HedeTHATA (DYHKIHS U TEPUONTHO-
TO Ipo/biKeHne. HsiMa HyzKia Jja mpecMsiTaMe HHTerpaJt oT Hest, camo 3a f(x). Torasa:

1 2
b, = / sin (@) dx + / (2 — x)sin <@> dr =
0 2 1 2
1 nwT 2 nmTT 2 nmTT
= / sin (—) dx + 2/ sin (—) dx — / Z sin (—) dz.
. 2 ) 2 ) 2
Heka ja npecMerHeM I'bPBUS UHTEIPAL:
1 1
2
I, = / sin <_n7r:1;> de = — sin (_mm:) d (_mm;)
0 2 nm 0 2 2

2 nrwa |1 2 nm 2 nm
= —— cos <—) =—— [cos (—) - cos(O)} = — [1 — cos <—>]
0 nw 2 nmw 2
Cera BTOpHUsT MHTETPAJT:

nm 2
2 9 [2
e [ (MY = 2 [ (U2 0 (122 -
1 2 nw Jy 2 2

__2 cos <@> ‘2 _ 2 [COS(?”MT) — cos <n_7r>} _ 2 [COS (n—W> — (—1)71}

nmw 2 1 nm 2
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Cwbupame IbpBUS U BTOPUST HHTETIPAJT:

L+ 1= 2 [1 — cos (%)] + 2 [COS (%) — (—1)”] = i[1 — (=D)"].

nmw nmw
Torasa 3a b, nmame:

b, = i[1 — (=" - /12xsin <n_72rzv> dx.

nm

Cera n TpETUA UHTErPAJI:
2

2
2
[3:/ T sin <@> dr = —— xd cos <@> =
1 2 nm 1 2
2 [ nwx\ |2 2 NI
= —— | xcos (—)‘ — CoS <—> dr| =
nm | 2 /h 1 2

__2 -2 cos(nm) — cos (n_n) _ sin <m> ﬂ =

nm | 2 nm 2 /h
2 [ 2
= _2(—1)” — cos (%T) - (sin(mr) — sin (%))} =
2 [ nm 2 nm
2w () 2o ()]
o | (—1)" — cos 5 )t —sin |

karo cos(nm) = (—1)", sin(nm) = 0. Tope uma MuHyC, 1 TYK UMa MHHYC, CTaBa ILIIOC:

b= 2= (P4 2 21 cos () 4 i ()| -

2 |4 (=) <n7r> . 2 . <n7r>
= — —1)" —cos | — —sin(— )| .
nmw 2 nmw 2
PazButuero nHa dgpynkmugara B pes na Oypue 1o CUHyCH:
2 o= 1 nmw 2 nmw nwx
ror=2 4 oo cor-on(5) + on ()] n ()
() ﬂ;n{+( )" — cos 5 ) T o—sin ()| sin (5

Tosa e pemrenuero Ha 3ajadara. Heka ga BuauM KakKBO cTaBa akKO 1 € U€THO YHCJIO:

n = 2k. Torasa (—1)%* = 1, cos(2kn/2) = cos(km) = (=1)*, sin(2kn/2) = sin(kn) = 0:

oo e _1\k+1
F(z) = 2 Z % [1+1—(=1)"+0] sin(krz) = 1 Z # sin(kmx).

™

3

k=1 k=1
Heka cera n e nederno uucio: n = 2k + 1. Torasa (—1)*! = —1, cos[(2k + 1)7/2] = 0,
sin[(2k + 1)7/2] = (—=1):

2~ 1 2 [k + )72

Flz)=2 1-1-04 —2 (—1)%| sin | 2T _
(z) W;Qk—kl{ O+ GEr o )]SH{ 2 ]
4 (—1)F
4 (—1) - (2k + 1)mx ‘
72 £ (2 1)? 2



9 Omuie 3a1a4n
3adaua 1. Hamepere anamuruanara dyukuus f(z) = u(x,y) + iv(z,y), ako f(0) =0 u
v(x,y) = 2(cosh(x) sin(y) — zy).
Pewenue. Oynxiusara e:
v(x,y) = 2cosh(x)sin(y) — 2zy.
3uncisiBaMe rbpBa 1 BTOpPA [IPOU3BOJIHA:
v, = 2sinh(x)sin(y) — 2y, v, = 2cosh(z) cos(y) — 2z,

vy, = 2cosh(z)sin(y), vy, = —2sinh(z) sin(y).

" "o
Buxname, ve vy, + vy, = 0. Moxem na npoxbikum. Msnonssame ypaBHeHUsATa Ha

Komm-Puman:
uj, = 2 cosh(z) cos(y) — 2z = v,
u,, = —[2sinh(z)sin(y) — 2y] = —v

/
T

Bsumame mbpBoTo ypasuenue. Vurerpupame u(z,y) 1o x:
ul, = 2 cosh(z) cos(y) — 20 =

u(z,y) = /[2 cosh(x) cos(y) — 2z]dx + ¢(y) = 2sinh(z) cos(y) — 2° + ().

Ba ma namepunm ¢(y), samectsame u(z,y) BbB BTOPOTO ypashenue: u, = —v,. Jndepen-
mupame 1o y:

u(z,y) = 2sinh(z) cos(y) — 2 + p(y) =
w, = —2sinh(z)sin(y) + ¢'(y).

[IpupasHsBaMe Ha —v:
“asinh(x) sinfy) + ¢/(y) = —[2sinh(z) sin(y) — 2],
—2sinh(z) sin(y) + ¢'(y) = —2sinh(z) sin(y) + 2y,
¥'(y) =2y.

Nurerpupame 1o y:

BamecrBame BbB dopmyraTa 3a u(x,y):

u(z,y) = 2sinh(z) cos(y) — 2 + y°.

U ToBa e xapMOHUYHO cripernarata GyHKIuA Ha (T, Y).
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JlobaBsime KOHCTaHTA:
u(z,y) = 2sinh(z) cos(y) — 2 + 3> + C.
SammcBame aHauTHIHATA QYHKITAA:
f(z) = 2sinh(z) cos(y) — 2° + y* + C + 2i[cosh(z) sin(y) — zy].
Usnonssame nagannoro yciosue f(0) =0, z =z + iy = 0 + i0:
f(0) = 2sinh(0) cos(0) — 0+ 0 + C + 2i[cosh(0) sin(0) — 0] = C.
[TpupasusaBame wa 0: C' = 0. Perennero e:

f(2) = 2sinh(z) cos(y) — 2% + y* + 2i[cosh(z) sin(y) — zy].

[
3adaya 2. Perere KOMIIJIEKCHUST HHTETPAJT:
z
I = dz.
(22 —1i)%(z +5)
|2|=1
Pewenue. Hynmure na qncauresns: eHoKpaTHa Hysl1a B 2 = 0.
Hysure Ha 3HamMeHaTeis: €[HOKPATHA HyJla B 2 = —bH U JBYKpaTHa HyJIa B 2 = i/2.
Hama cbBmazamny Hym MexKIy YUCIUTENd U 3HaMeHaTe id. 'ToraBa nMaMe eJIHOKpaTeH

HOJIIOC B Z = —) U JBYKPATEH MOJIOC B 2 = 1 /2.

4

3_

=i/2

-6 -5 -4 -3 -2 -1 0 1 2

NuTerpupame BbpXy OKPbKHOCT C IEHTHP KOOPANHATHOTO HAYAJIO U PAJIIYC eIUHUIIA.
[MosrockT B 2 = i/2 € B OKpbKHOCTTA, HO 2z = —b He e. Torasa pelieHuero e:

. 1

I =2mi Res z:§ .
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N3zunciigsamMe pesuayyma:

o= = | (-8 gep i)
eS|z == = ——— lim zZ— = - = lm |——| .
2 (2 —1)! 25i/2 2) 2 (z—%)f(z—i—S) ==if2 | 4(z + )
Ia cMmeTHEM ITPOMU3BOAHATA OTJIEJIHO:
= " 1-4(z+5)—=z-4 20 5
4(z+5)]  16(z+5)2  16(z+5)2  4(z+5)2

3amecTBaMe 0OpaATHO B I'PAHUIIATA:

5 3 5 )

I - - .
il 4z +5)2  4(i/2+5)72 4 (210Y2 ~ (10 + 1)

Pemenuero e: .
. 5) 107

I =2m — = —.

(10+4)?2 (104 1)?

]

3adavwa 3. B MaraswH mocTbIBaAT €THOTHITHE U3JIEIUS TPOU3BEIeHN OT TPHU Pa3/IMTHH
dupmu. IInpsara, Bropara u Tperata GUpPMH ca JOCTABUIA choTBeTHO 110 25%), o 35%
u 1o 40% oT BCMYKM HOCTBIIMIN U3Je/usd. VI3BecTHO e, e Beska pupMa IIPOU3BexK I 110
5%, 3% u 2% nedexrnn uznenus. ['parkIaHuH cH KyIIyBa €JHO U3JIeJIHe OT MarasuHa.
Hawmepere:

a) BEPOSITHOCTTA TO JIa € JIeheKTHO,

6) ako 3aKyIEHOTO M3JeJIne ce € OKazaso JedeKTHO, KAKBa € BEPOSITHOCTTA TO Jia €
OUJI0 IPOU3BE/IEHO OT IrbpBaTa (pupMa.

3adava 3. B emun 1iex Tpu MalumHu NpousBexkjgar OoaroBe. M3BecTHO e, e mbpBaTa
MaluHa Ipoussexkaa 25% oT mganara npoayKiwms, sropara — 35%, a tperara — 40%,
KaTo BCsiKa OT TsAX jiaBa cboTBeTHO 5%, 4% u 2% 6pak. Ciygaiino B3eT 60T ce oKazasl
nedexkrer. KakBa e BeposgTHOCTTa TOM Jla € MPOU3BEIEH OT I'bpBaTa MAIlTnHA!

Pewenue. IBere 3a/1a4n ca eJHAKBU KaTO IIPECMATAHNUS, CAMO Y€ IIPeIIoYnTaM O0JITOBe.

Heka j1a orbesnexkum cnbuTneTo “rbpBaTa MalllnHa Tpou3Bexkia 0oar” ¢ Hi. Bepodar-
HOCTTA TO Ja ce cayun ¢ P(H;) = 25%. CvorBetHO OTGesa3BaMe ChOUTHETO “BTOpaTa
MallTiHa ImpousBexkaa 0oatr” ¢ Hy u 3a Tperata ¢ Hz. BepodarHnocTrTa na ce ciaydar Te3u
cvourus e: P(Hy) = 35%, P(H3) = 40%, cbopa Ha TpuTe € eJMHUIA:

3

25 35 40
P(H,) = —, P(Hy) = —, P(H3) = — P(H;) =1.

Cera B3umame 60T 1 TOI ce oka3Ba Jjiedexrern. OTdesnsgzBaMe cbOUTUETO “B3eT JedeK-
ren 601" ¢ A. BepositHocTTa TO J1a € IIpou3BeieH OT IrbpBaTa Mammia e 5%, CboTBETHO

Jla e npoussesneH or Bropa mwin tpera — 4% u 2%. Cnburnsdra “mMammHa Ipou3BexKIa
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6oJIT” Bede ca ce CIydnIn, ToraBa B3uMamMme OOJIT U Toi ce oka3Ba gedexkrer. ToecT ToBa
ca yCJIOBHUTE BEPOSITHOCTH:

P(A/HY) = oo, P(AJHY) = < P(A/H;) = oo

Coburusita ca HECHBMECTHUMHU, MAIIMHUTE pabOTIAT He3aBUCUMO eHa oT apyra. Cremo-
BATEJTHO MOXKEM JIa IPUJIOKUM (POPMYJIAaTa 3a MI'bJIHATA BEPOATHOCT:

(4) = 25 5 N 35 4 +40 2 1254+140+80 345
~ 100 100 100 100 100 100 10000 ~10000°

ToBa e BeposiTHOCTTA TIpOM3BesieH OOIT Ja e JdedeKkTer (MM MOATOYKA a Ha JpyraTa
nedbuHAIMS Ha 3a/1a9aT1a).

Cera uckame J1a pazbepeM KakBa € BeposiTHOCTTA JiepeKTHUs OOJIT Jia € TPOU3BEJIEH OT
ubpBata Mamuia. Cboutnero “B3umane Ha jieeKTeH 00JIT” Bede ce e CIYyUnio, TpAaoBa
Jia u3nos3Bame popmysiata Ha Beiic — 3a mpeolieHsBaHe HA BEPOATHOCTHUTE:

P(H\)P(A/H,) 25/100-5/100 25-5 25

(H1/4) P(A) 345/10000 345 69

0, 36.

Heka ja BujiuM u ApyruTe JiBe BEPOATHOCTH, CyMaTa Ha TPpUTE TPSOBa Jia € eJIMHUTIA:

P(H))P(A/H,)  35/100-4/100 35-4 140
(H2/4) P(A) 345,/10000 555 315 40

P(H3;)P(A/H;) 40/100-2/100 40-2 80 0,93
P(A) ~345/10000 345 345 77

P(H3/A) =

3
125 140 80 345
PHJA) = 24— =2
; Hi/A) = 505+ 505+ 305 ~ 305

Orrosop: P(A) = 0,0345, P(H,/A) = 0, 36. O
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